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Abstract. For a Whitney stratification S* of a space X (or more generally a topolog- 
ical stratification in the sense of Goresky and MacPherson) we introduce the notion of 
an S'-constructible stack of categories on X . The motivating example is the stack of S- 
constructible perverse sheaves. We introduce a 2-category EP<:2{X, S), called the exit-path 
2-category, which is a natural stratified version of the fundamental 2-groupoid. Our main 
result is that the 2-category of 5-constructible stacks on X is equivalent to the 2-category 
of 2-functors 2Funct(i?P<2(A', 5), Cat) from the exit-path 2-category to the 2-category of 
small categories. 

1. Introduction 

This paper is concerned with a generahzation of the following well-known and very old 
theorem: 

Theorem 1.1. Let X be a connected, locally contractible topological space. The category of 
locally constant sheaves of sets on X is equivalent to the category of G-sets, where G is the 
fundamental group of X . 

We wish to generalize this theorem in two directions. In one direction we will consider 
sheaves which are not necessarily locally constant - namely, constructible sheaves. In the 
second direction we will consider sheaves of "higher-categorical" objects - these generaliza- 
tions of sheaves are usually called stacks. Putting these together, we get the "constructible 
stacks" of the title. In this paper, we introduce an object - the exit-path 2-category - which 
plays for constructible stacks the same role the fundamental group plays for locally constant 
sheaves. 



1.1. Exit paths and constructible sheaves. A sheaf F on a space X is called "con- 
structible" if the space may be decomposed into suitable pieces with F locally constant on 
each piece. To get a good theory one needs to impose some conditions on the decomposition - 
for our purposes the notion of a topological stratification, introduced in [7], is the most conve- 
nient. A topological stratification S* of X is a decomposition of X into topological manifolds, 
called "strata," which are required to fit together in a nice way. (Topological stratifications 
are more general than Whitney stratifications and Thom-Mather stratifications |21], |16], and 
they are less general than Siebenmann's CS sets [20] and Quinn's manifold stratified spaces 
[19] . A precise definition is given in [7] and in section [31) A sheaf is called S- constructible if 
it is locally constant along each stratum of (A, S). 
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MacPherson observed (unpublished) that, for a fixed stratification S" of X, it is possible 
to give a description of the S'-constructible sheaves on X in terms of monodromy along 
certain paths. A path 7 : [0, 1] ^ X has the exit property with respect to S if, for each 
ti < t2 E [0, 1], the dimension of the stratum containing 7(^1) is less than or equal to the 
dimension of the stratum containing ^2- Here is a picture of an exit path in the plane, where 
the plane is stratified by the origin, the rays of the axes, and the interiors of the quadrants: 



The concatenation of two exit paths is an exit path, and passing to homotopy classes 
yields a category we call EP<i{X, S). That is, the objects of EP<i{X, S) are points of X, 
and the morphisms are homotopy classes of exit paths between points. (We require that 
the homotopies h : [0, 1] x [0, 1] — »• X have the property that each h{t, — ) is an exit path, 
and that h does not intersect strata in a pathological way. We conjecture that the latter 
"tameness" condition can be removed.) Then we have the following analog of theorem II. It 

Theorem 1.2 (MacPherson). Let {X,S) be a topologically stratified space. The category 
of S-constructihle sheaves of sets is equivalent to the category Funct (£'P<i(X, S"), Sets) of 
Sets-valued functors on EP<i{X,S). 

Example 1.3. Let D be the open unit disk in the complex plane, and let 5* be the stratifi- 
cation by the origin {0} and its complement D — {0}. Then EP<i{D, S) is equivalent to a 
category with two objects, one labeled by and one labeled by some other point x G D — {0}. 
The arrows in this category are generated by arrows a : —>■ x and (3 : x ^ x] (3 generates 
the automorphism group Z and we have {3 o a = a. The map a is represented by an exit 
path from to a; in D and the path (3 is represented by a loop around based at x. 

It follows that an S-constructible sheaf (of, say, complex vector spaces) on D is given by 
two vector spaces V and W, a morphism a : V ^ W and a morphism b : W —>■ W, with the 
property that b is invertible and that bo a = a. 

Example 1.4. Let = CU cxd be the Riemann sphere, and let S be the stratification of 
by one point {00} and the complement C Then EP<i{F^, S) is equivalent to a category with 
two objects, one labeled by 00 and the other labeled by G C. The only nontrivial arrow 
in this category is represented by an exit path from cxo to 0; all such paths are homotopic to 
each other. 

It follows that an S'-constructible sheaf on is given by two vector spaces V and W, and 
a single morphism V ^ W. 

1.2. Perverse sheaves. Let {X,S) be a topologically stratified space. For each function 
p : S Z from connected strata of (X, S) to integers, there is an abehan category P(X, S,p) 
of "S'-constructible perverse sheaves on X of perversity p," introduced in [I]. It is a full sub- 
category of the derived category of sheaves on X; its objects are complexes of sheaves whose 
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cohomology sheaves are S'-constructible, and whose derived restriction and corestriction to 
strata satisfy certain cohomology vanishing conditions depending on p. It is difficuh to lay 
hands on the objects and especially the morphisms of P{X, S,p), although we get Sh5'(X) 
as a special case when p is constant. 

There is a small industry devoted to finding concrete descriptions of the category P(X, S, p) 
in terms of "linear algebra data," similar to the description of S'-constructible sheaves given 
in the examples above ([I5], [5], [3], [2], [25]). Here {X,S) is usually a complex analytic 
space, with complex analytic strata, and p is the "middle perversity" which associates to 
each stratum its complex dimension. The first example was found by Deligne: 

Example 1.5. Let D and S be as in example 11.31 The category P(X, 5*, p), where p is the 
middle perversity, is equivalent to the category of tuples (V,VF,m,n), where V and W are 
C-vector spaces, m : V ^ W and n : W ^ V are linear maps, and Iw — f^m is invertible. 

A topological interpretation of this description was given by MacPherson and Vilonen 
[15] . If (L, S) is a compact topologically stratified space then the open cone CL on L has a 
natural topological stratification T, in which the cone point is a new stratum. MacPherson 
and Vilonen gave a description of perverse sheaves on (CL, T) in terms of perverse sheaves 
on L, generalizing Deligne's description II. 5[ 

One of the important properties of perverse sheaves is that they form a stack] it means 
that a perverse sheaf on a space X may be described in the charts of an open cover of X. A 
topologically stratified space has an open cover in which the charts are of the form CL x R^. 
The stack property together with the MacPherson- Vilonen construction give an inductive 
strategy for computing categories of perverse sheaves. One of the motivations for the theory 
in this paper is to analyze this strategy systematically; see [23] . 

1.3. Constructible stacks. In this paper, we introduce the notion of a constructible stack 
on a topologically stratified space. Our main example is the stack V of S'-constructible 
perverse sheaves discussed in section 11.21 Our main result is a kind of classification of 
constructible stacks, analogous to the description of constructible sheaves by exit paths. 

Main Theorem (Theorem 17. 14p . Let {X,S) be a topologically stratified space. There is a 
2-category EP<2{X, S), introduced in section [71 such that the 2-category of S'-constructible 
stacks on X is equivalent to the 2-category of 2-functors 2Funct(L^P<2(X, S), Cat). 

The appearance of 2-categories in this theorem is an application of a well-known philosophy 
of Grothendieck [9]. It is a modification of theorems in [18] and [22], where it was shown 
that locally constant stacks on X correspond to representations of higher groupoids, namely 
the groupoid of points, paths, homotopies, homotopies between homotopies, and so on in 
X. EP<2{X) is a 2-truncated, stratified version of this: the objects are the points of X, the 
morphisms are exit paths, and the 2-morphisms are homotopy classes of homotopies between 
exit paths. (Once again, we require a tameness condition on our homotopies and also our 
homotopies between homotopies.) 

Example 1.6. Let and S be as in example II. 4[ Then £'P<2(P^,S') is equivalent to a 
2-category with two objects, labeled by oo and as before, and one arrow from oo to 
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represented by an exit path a. The group of homotopies from a to itself is Z, generated by 
a homotopy that rotates a around the 2-sphere once. 

It follows that an S'-constructible stack on is given by a pair Coo and Cq of categories, 
a functor a : Cqo Cq, and a natural automorphism j : a ^ a. For the stack of S'- 
constructible perverse sheaves, Cq is the category of vector spaces. Coo is Deligne's category 
described in example 11.51 a is the forgetful functor a : (V^, m, n) i— > W , and / is the map 
Iw — fnn, which is invertible by assumption. 

1.4. Notation and conventions. M denotes the real numbers. For a, 6 G M with a < 6 we 
use (a, b) to denote the open interval and [a, b] to denote the closed interval between a and 
b. We use [a, b) and (a, b] to denote half-open intervals. If L is a compact space then CL 
denotes the open cone on L, that is, the space L x [0, 1)/L x {0}. A d-covei of a space X is 
a collection of open subsets of X that covers X and that is closed under finite intersections. 

For us, a "2-category" is a strict 2-category in the sense that composition of 1-morphisms 
is strictly associative. On the other hand we use "2-functor" to refer to morphisms of 2- 
categories that only preserve composition of 1-morphisms up to isomorphism. We will refer to 
sub-2-categories of a 2-category C as simply "subcategories of C." For more basic definitions 
and properties of 2-categories see appendix B. 

All our stacks are stacks of categories. We write Prest(X) for the 2-category of prestacks 
on a space X and St(X) C Prest(X) for the full subcategory of Prest(X) whose objects are 
stacks. We use St/c(-^) C St(X) to denote the full subcategory of locally constant stacks on 
X, which we introduce in section [2l When is a topological stratification (definition 13. II) of 
X we write St5'(X) C St(X) for the full subcategory of S'-constructible stacks on X, which 
we introduce in section [31 For more basic definitions and properties of stacks see appendix 
A. 

2. Locally constant stacks 

In this section we introduce locally constant stacks of categories. A stack is called constant 
if it equivalent to the stackification of a constant prestack, and locally constant if this is true 
in the charts of an open cover. Our main objective is to give an equivalent definition that 
is easier to check in practice: on a locally contractible space, a stack C is locally constant if 
and only if the restriction functor C{U) C{V) is an equivalence of categories whenever V 
and U are contractible. This is theorem l2.9[ We also develop some basic properties of locally 
constant stacks, including a base-change result (theorem 12.111) and the homotopy invariance 
of the 2-category of locally constant stacks (theorem 12. 7p . 

2.1. Constant stacks. Let C be a small category. On any space X we have the constant 
C-valued prestack, and its stackification. We will denote the prestack by Cp-x, and its 
stackification by Cx- 

Example 2.1. Let X be a locally contractible space, or more generally any space in which 
each point has a fundamental system of neighborhoods over which each locally constant sheaf 
is constant. If C is the category of sets, then Cx is naturally equivalent to the stack CCx of 
locally constant sheaves. That is, the map Cp-x — ^ ^C-Cx that takes a set G C = Cp-x{U) 
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to the constant sheaf over U with fiber E induces an equivalence Cx jCCx- Indeed, it 
induces an equivalence on stalks by the local contractibility of X. 

Proposition 2.2. Let X be a locally contractible space and C be a small category. 

(1) If F and G are objects in Cx{X), then the sheaf Hom (F, G) : U i— >• Hom(F|[/, Gl;/) 
is locally constant on X. 

(2) Let U d X be an open set. For each point x & U , the restriction functor from 
C = Cp-x{U) to the stalk of Cx (it x is an equivalence of categories. 

(3) Let U G X be an open set. Suppose that U is contractible. Then for each point 
X E U, the restriction functor Cx{U) Cx,x is an equivalence of categories. 

Proof. The map of prestacks Horn : C^^x ^ ^p;X SetSp^x induces a map of stacks C°x x 
Cx Setsx = CCx. The object in CCx{X) associated to a pair {F,G) G (C^ x Cx){X) 
is exactly the sheaf Hom(F, G). This proves the first assertion. 

The second assertion is trivial. To prove the third assertion, note that Cx{U) Cx,x 
is always essentially surjective, since the equivalence Cp.x{U) Cx,x factors through it. 
We therefore only have to show that Cx{U) Cx,x is fully faithful. For objects F and 
G of CxiU), we have just seen that Hom fF, G) is locally constant on U. Since U is con- 
tractible Hom(F, G) is constant, and so Homcx(;7)(-F, G) = Hom(F, G){U) Hom(F, G)^ = 
}iom{Fx,Gx) is a bijection. This completes the proof. □ 

2.2. Locally constant stacks. 

Definition 2.3. A stack C on X is called locally constant if there exists an open cover 
{Ui}iei of X such that C\u^ is equivalent to a constant stack. Let St;c(X) C St(X) denote 
the full subcategory of the 2-category of stacks on X whose objects are the locally constant 
stacks. 

Proposition 2.4. Let X be a locally contractible space and let C be a locally constant stack 
on X . 

(1) Let U C X be an open set, and let F,G E C{U). The sheaf Hom fF, G) is locally 
constant on U . 

(2) Every point x E X has a contractible neighborhood V such that the restriction map 
C{y) Cx is an equivalence of categories. 

Proof. Assertion 1 follows directly from assertion 1 of proposition [221 and assertion 2 follows 
directly from assertion 3 of proposition 12.21 □ 

Proposition 2.5. Let X and Y be topological spaces, and let f : X ^ Y be a continuous 
map. Suppose C is locally constant on Y . Then f*C is locally constant on X . 

Proof. If C is constant over the open sets Ui of Y, then f*C will be constant over the open 
sets f-\Ui) of X. □ 

The homotopy invariance of Stic(X) is a consequence of the following base-change result: 

Proposition 2.6. Let X and Y be topological spaces, and let f : X ^ Y be a continuous 
map. Let g denote the map {id, f) : [0, 1] x X — > [0, 1] x Y , and let p : [0, 1] x X — > X and 
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q : [0,1] X Y ^ Y be the natural projection maps. 

[0, 1] X X [0, 1] X y 
p g 



Let C be a locally constant stack on [0, 1] x F . Then the base change map f*q^C P*g*C is 
an equivalence of stacks on X. 

Proof. Let us first prove the following claim: every point t G [0, 1] has a neighborhood 
/ C [0, 1] such that C([0, 1] x F) — > C(/ x y) is an equivalence of categories. There is an 
open cover of [0, 1] x F of the form {la x Up} such that C is constant over each chart Jq x Uf^. 
By by basic properties of the interval, C is constant over [0, 1] x [/g, and for any subinterval 
/ C [0, 1] the restriction map C([0, 1] x Up) C{I x Up) is an equivalence of categories. This 
implies the claim. 

Let y he a. point in Y, and let t be a point in [0, 1]. Let {U} be a fundamental system of 
neighborhoods of y. According to the claim, we may pick for each U an open set lu C [0, 1] 
such that the restriction functor C([0, l]xU) C{Iu x U) is an equivalence of categories. We 
may choose the lu in such a way that the open sets /[/ x f/ c [0, 1] x F form a fundamental 
system of neighborhoods of {t,y). It follows that the natural restriction functor on stalks 
{q*C)y —>■ C{t,y) is an equivalence. 

Now let x be a point in X. We have natural equivalences 

This completes the proof. □ 

Theorem 2.7 (Homotopy invariance). Let X be a topological space, and let vr denote the 
projection map [0, 1] x X — X. Then vr^, and it* are inverse equivalences between the 2- 
category of locally constant stacks on X , and the 2-category of locally constant stacks on 
[0,1] X X. 

Proof. Let C be a locally constant stack on X and let P be a locally constant stack on / x X. 

Let X G X, let i^ denote the inclusion map {x} X, let j^ denote the inclusion map 
[0, 1] = [0, 1] X X » [0, 1] X X, and let p denote the map [0, 1] {x}. By proposition 12. 6i 
the natural map {'k^,t[*C)x = i*7r*7r*C — > p^j*TT*C is an equivalence. But p^,j*7i*C = p^p*ilC = 
P*P*{Cx). The natural map Cx (7r*7r*C)x = p*p*{Cx) coincides with the adjunction map 
Cx P*P*{Cx). Since p*Cx is constant, Cx — > p*p*{Cx) is an equivalence by proposition 12.21 
It follows that C —>■ 7r*7r*C is an equivalence of stacks. 

Now let (t, x) G [0,1] X X. There is an equivalence {TT*TT^:V)(^t,x) — {t<'*1^)x- Once again 
proposition 12.61 provides an equivalence {7i^:V)x 

^ pj*V = j;V{[0, 1]). The locally constant 
stack j*V is constant on [0,1], so j*'D([0,l]) = 'D(t,x) by proposition 12.21 It follows that 
7r*7r*P — i> X> is an equivalence of stacks, completing the proof. 

□ 
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Corollary 2.8. Let X and Y be topological spaces, and let f : X ^ Y be a homotopy 
equivalence. 

(1) The 2-functor f* : Stic(y") Stic{X) is an equivalence of 2- categories. 

(2) Let C be a locally constant stack on Y. Then the natural functor C{Y) —>■ f*C{X) is 
an equivalence of categories. 

Proof. Let g : Y ^ X he a homotopy inverse to /, and let H : [0, 1] x X — X be a homotopy 
between g o f and Ix- Let vr denote the projection map [0, 1] x X — X, and for t G [0, 1] let 
it denote the map X — > [0,1] x X : x i-^ {t,x). Then i* = vr* by theorem 12. 7[ It follows that 
i*Q = il, and that {Hoio)* ^ {Hoi^)*. But HoiQ = go f and Hoi^ = 1^, so f*og* ^ htux)- 
Similarly using a homotopy G : I xY ^ Y we may construct an equivalence g*of* = lsti^(Y)- 
This proves the first assertion. 

To prove the second assertion, let * denote the trivial category. By (1), Homst(y)(*, C) = 
Homst{x)(*,/*C). But C{Y) = Hom(*,C) and f*C{X) = Hom(*,/*C). This completes the 
proof. □ 

Theorem 2.9. Let X be a locally contractible space, and let C be a stack of categories on 
X. The following are equivalent: 

(1) C is locally constant. 

(2) IfU and V are two open subsets of X with V G U, and the inclusion map V U is 
a homotopy equivalence, then the restriction functor C{U) C{V) is an equivalence 
of categories. 

(3) IfU and V are any two contractible open subsets of X , and V dU, then C{U) 
C{y) is an equivalence of categories. 

(4) There exists a collection {Ui} of contractible open subsets of X such that each point 
X G X has a fundamental system of neighborhoods of the form Ui, and such that 
C{Ui) C{Uj) is an equivalence of categories whenever Uj C f/j. 

Proof. Suppose C is locally constant, and let U and V be as in condition (2). Then corollary 
12.81 implies that the restriction functor C{U) is an equivalence of categories, so 

condition (1) implies condition (2). Clearly condition (2) implies condition (3), and condition 
(3) implies condition (4). Let us show condition (4) implies condition (1). 

Suppose C satisfies condition (4). To show C is locally constant it is enough to show its 
restriction to each of the distinguished charts in {U} is constant. Let U G X he such a 
chart. Since each point x G f/ has a fundamental system of neighborhoods {V} from {Ui}, 
and since C{U) — > C{V) is an equivalence for each V, the map C{U) — > Cx is an equivalence 
for each U. It follows that the natural map from the constant stack (C(f/))j^ to C\u is an 
equivalence on stalks, and therefore an equivalence. □ 

2.3. Direct images and base change. Let / be a continuous map between locally con- 
tractible spaces. As an application of theorem 12.91 we may give easy proofs of some basic 
properties of the direct image of locally constant stacks. 

Proposition 2.10. Let X and Y be locally contractible spaces. Let f : X ^ Y be a locally 
trivial fiber bundle, or more generally a Serre fibration. Let C be a locally constant stack on 
X . Then fjZ is locally constant on Y . 
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Proof. By theorem 12.91 it suffices to show that the restriction functor fXiU) /*C(V^), 
which is equal to the restriction functor C(/^^(f/)) C[f^^{V)), is an equivalence of 
categories whenever V G U G X are open sets and U and V are contractible. Since / is 
a Serre fibration, the inclusion map f~^{V) ^ f~^{U) is a homotopy equivalence, and the 
proposition follows from corollary I2.8[ □ 

Theorem 2.11. Let X and S be locally contractible spaces. Let p : X S be a locally 
trivial fiber bundle, or more generally a Serre fibration. Let T be another locally contractible 
space, and let f : T ^ S be any continuous function. Set Y = X Xs T, and let g : Y ^ X 
and q : Y T denote the projection maps. 




Let C be a locally constant stack on X . The base-change map f*p*C (l*g*C is an equivalence 
of stacks. 

Proof. The statement is local on T and 5", so we may assume both T and S are contractible. 
Since p and q are Serre fibrations the stacks f*p*C and q^g*C are locally constant, and 
therefore constant. To show that the base-change map is an equivalence of stacks it is 
enough to show that the functor /*p*C(T) — > q^.g*C{T) is an equivalence of categories. 
We have q*g*C{T) = g*C{Y), which by corollary 12.81 is equivalent to C{X). Furthermore, 
corollary EH shows that f*pX{T) = pX{S) = C(X). This completes the proof. □ 

3. CONSTRUCTIBLE STACKS 

In this section we introduce constructible stacks. First we review the topologically strat- 
ified spaces of [7|. The definition is inductive: roughly, a stratification S* of a space X 
is a decomposition into pieces called "strata," such that the decomposition looks locally 
like the cone on a simpler (lower-dimensional) stratified space. A stack on X is called 
"^-constructible" if its restriction to each stratum is locally constant. This definition is 
somewhat unwieldy, and we give a more usable criterion in theorem 13.131 analogous to the- 
orem 12.91 for locally constant stacks: a stack is S'-constructible if and only if the restriction 
from a "conical" open set to a smaller conical open set is an equivalence of categories. This 
criterion is a consequence of a stratified-homotopy invariance statement (corollary 13. 12p . 

3.1. Topologically stratified spaces. 

Definition 3.1. Let X be a paracompact Hausdorff space. 

A 0-dimensional topological stratification of X is a homeomorphism between X and a 
countable discrete set of points. For n > 0, an n-dimensional topological stratification of X 
is a filtration 

= X.i C Xo C Xi C . . . C X„ = X 

of X by closed subsets Xj, such that for each i and for each point x G Xj — Xj_i, there exists 
a neighborhood U of x, a compact Hausdorff space L, an (n — i — 1) -dimensional topological 
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stratification 

= L_i C Li C L2 C . . . C Ln^i-i = L 
of L, and a liomeomorpliism CL x W = U that takes eacli CLj x W liomeomorpliically to 
U nXj. Here CL = [0,l)xL/{0}xLis tlie open cone on L if L is non-empty; if L is empty 
then let CL be a one-point space. 

A finite dimensional topologically stratified space is a pair (X, S) where X is a paracompact 
Hausdorff space and S is an n-dimensional topological stratification of X for some n. 

Let (X, S) be a topologically stratified space with filtration 

= X_i C Xo C Xi C . . . C X„ = X 

Note the following immediate consequences of the definition: 

(1) If Xi — Xj_i is not empty, then it is an z-dimensional topological manifold. 

(2) If f/ C X is open then the filtration C t/o C t/i C . . . of [/, where Ui = U (1 Xi, 
is a topological stratification. 

We will call the connected components of Xj — Xj_i, or unions of them, i-dimensional 
strata. We will call the neighborhoods U homeomorphic to cones "conical neighborhoods" : 

Definition 3.2. Let (X, S) be an n-dimensional topologically stratified space. An open set 
f/ C X is called a conical open subset of X if [/ is homeomorphic to CL x R* for some L as 
in definition 13. 1[ 

Remark 3.3. By definition, every point in a topologically stratified space has an conical 
neighborhood CL x M'^. One of the quirks of topological stratifications (as opposed to e.g. 
Whitney stratifications) is that the space L is not uniquely determined up to homeomor- 
phism: there even exist non-homeomorphic manifolds Li and L2 such that CLi = CL2 (see 

ini)- 

The following definition, from [7], is what is usually meant by "stratified map." 

Definition 3.4. Let (X, S) and (Y, T) be topologically stratified spaces. A continuous map 
/ : X — > y is stratified if it satisfies the following two conditions: 

(1) For any connected component C of any stratum — F^-i, the set f^^{C) is a union 
of connected components of strata of X. 

(2) For each point y EYi — Yi_i there exists a neighborhood U of x in Yi, a topologically 
stratified space 

F = Ffe D D . . . D F_i = 
and a filtration-preserving homeomorphism 

FxU^ f-\U) 

that commutes with the projection to U. 

We need a much broader definition: 

Definition 3.5. Let {X,S) and {Y,T) be topologically stratified spaces. A continuous 
map f : X —>■ Y is called stratum-preserving if for each k, and each connected component 
Z C Xfc — Xfc_i, the image f{Z) is contained in — Y£_i for some i. 
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Definition 3.6. Let (X, S) and {Y,T) be topologically stratified spaces, and let / and g be 
two stratum-preserving maps from X to Y. We say / and g are homotopic relative to the 
stratifications if tliere exists a homotopy H : [0,1] x X Y between / and g such that the 
map H{t, —): X ^ Y is stratum-preserving for every t G [0, 1]. 

A shghtly irritating feature of this definition is that the space [0, 1] x X cannot be stratified 
without treating the boundary components {0} x X and {1} x X differently. We may take 
care of this by using the open interval: if (X, S) and {Y, T) are topologically stratified spaces, 
then we may endow (0, 1) x X with a topological stratification by setting ((0, 1) x X) . = 
(0, 1) X Xj_i. Note the following 

(1) Let H : [0, 1] x X — > F be a stratified homotopy. The restriction of this map to 
(0, 1) X X is stratum-preserving. 

(2) Let / and g be two stratum-preserving maps. Then / and g are homotopic relative to 
the stratifications if and only if there exists a stratum-preserving map H : (0, 1) xX — >■ 
Y such that /(— ) = H{to, — ) and g{—) = H{ti, — ) for some to;^i ^ (0, !)• 

Definition 3.7. Let (X, 5) and {Y,T) be topologically stratified spaces. Let f : X Y 
be a stratum-preserving map. Call / a stratified homotopy equivalence if there is a stratum- 
preserving map Y X such that the composition gofis stratified homotopic to the identity 
map Ix of X, and f o g is stratified homotopic to the identity map ly of Y. 

Note that a "stratified homotopy equivalence" / need not be a stratified map in the sense 
of definition 13. 4[ but only stratum-preserving. 

3.2. Constructible stacks. 

Definition 3.8. Let (X, S) be a topologically stratified space and let C be a stack on X. C 
is called constructible with respect to S if, for each k, i^C is locally constant on X^ — Xfc_i, 
where ik '■ X^ — Xfc_i ^ X denotes the inclusion of the /c-dimensional stratum into X. 

Let St5(X) denote the full subcategory of the 2-category St(X) of stacks on X whose 
objects are the S-constructible stacks. 

The pullback of a constructible stack is constructible: 

Proposition 3.9. Let (X, 5*) and {Y, T) he two topologically stratified spaces. Let f : X ^ Y 
be a stratum-preserving map. IfC is a T- constructible stack on Y , then f*C is S -constructible 
on X. 

Proof. We have to show that f*C is locally constant on X^ — Xfc_i. It is enough to show it 
is locally constant on each connected component. Let C be a component of X^ — X^-i, and 
let z : C ^ X be the inclusion. Then i* f*C ^{f oi)*C. But / o i : C F factors through 
i -.Yf — Yi^i — > Y for some £, so i*f*C is obtained from pulling back j*C on Ye — Ye-i to C. 
By proposition 12.51 this is locally constant on C. □ 

Proposition 3.10. Let {X,S) be a topologically stratified space, and let C be a connected 
stratum of X. Let i : C ^ X denote the inclusion map. Let p : (0, 1) x C — C and 
g : (0, 1) X X — > X denote the projection maps, and let j denote the inclusion map {id,i) : 
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(0,1) XC ^X. 

(0,1) X C^-(0, 1) X X 



C : -X 

Endow (0, 1) X X with a topological stratification by setting ((0, 1) x X)^ = (0, 1) x X^-i- 
Let C be a stack on (0, 1) x X constructible with respect to this stratification. Then the 
base-change map i*q^:C — » p^.j*C is an equivalence of stacks. 

Proof. Let x be a point in X and let t be a point in (0, 1). As in the proof of proposition 
\2.6\ we may show that the natural map {q*C)x C{t,x) is an equivalence of categories. If x 
lies in the stratum C, then we have equivalences of categories: 

{i*qX)x — i(l*C)x — C.{t,x) 
ip*rC). = ifC)^t,x) = C^Lx) 

The base-change map commutes with these, proving the proposition. □ 

Theorem 3.11 (Homotopy invariance). Let (X, S) be a topologically stratified space. Endow 
(0, 1) X X with a topological stratification T by setting ((0, 1) x X) . = (0, 1) x Xj_i. Let n 
be the stratified projection map (0, 1) x X X. The adjoint 2-functors vr* and vr* induce 
an equivalence between the 2-category of S -constructible stacks on X and the 2-category of 
T -constructible stacks on (0, 1) x X. 

Proof. We have to show the maps C 7r*7r*C and 7r*7r*P T> are equivalences, where C is 
a constructible stack on X and P is a constructible stack on (0, 1) x X. 

For each k, let ik denote the inclusion map X^ — Xfc_i "—>■ X. To prove that C —>■ 7r*7r*C 
is an equivalence it suffices to show that ilC z^7r*7r*C is an equivalence for each k. Let 
jk denote the inclusion (0, 1) x (X^ — X^^i) ^ (0, 1) x X, and let pk denote the projection 
map (0, 1) X (Xfe - Xk-i) ^ X^ - Xk-i. 

3k 



(0, 1) X (Xfc - Xfc„i) — (0, 1) X X 



Pk 



Xk — Xk-i ^ X 

By proposition 13. 10[ we have an equivalence iln^n^C = pk^pplC. Since ilC is locally constant 
on Xk — Xk-i, the map ilC pk*p*ki*C is an equivalence by theorem 12. 7[ 

To show Tx*Ti^T> ^ "D is an equivalence, it is enough to show that for each k the map 
jln*7i^V ^ V is an equivalence. By proposition 13.101 we have j^7r*7r*X> = pliln^V = 
Pk'Pk*3k^i and since HV is locally constant the map Pk'Pk*3k^ ~^ 3k^ is an equivalence of 
stacks by theorem 12. 7[ □ 

Corollary 3.12. Let (X, S) and {Y,T) be topologically stratified spaces, and let f : X ^ Y 

be a stratified homotopy equivalence. 

(1) The 2-functor f* : StT(V') St5'(X) is an equivalence of 2- categories. 
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(2) Let C be an S-constructible stack on X . The functor C{X) — > f*C(Y) is an equiva- 
lence of categories. 

Proof. A proof identical to the one of corollary 12.81 gives both statements. □ 

Theorem 3.13. Let (X, S) be a topologically stratified space and letC be a stack on X. The 
following are equivalent: 

(1) C is constructible with respect to the stratification. 

(2) IfU and V are two open subsets of X with V <ZU , and if the inclusion map V ^ U 
is a stratified homotopy equivalence, then the restriction functor C{U) — C{V) is an 
equivalence of categories. 

(3) Whenever U and V are conical open subsets of X such that V G U and the inclusion 
map V U is a stratified homotopy equivalence, the restriction functor C{U) —>■ C{V) 
is an equivalence of categories. 

If C satisfies these conditions then the natural functor C{U) Cx is an equivalence of 
categories whenever U is a conical open neighborhood of x. 

Proof. Suppose C is constructible, and let U and V be as in (2). Then C{U) CiV) is an 
equivalence by corollary 13.121 so (1) implies (2). Clearly (2) implies (3). 

Suppose now that C satisfies the third condition. Let Y = Xk — Xk-i be a stratum, and 
let i : Y X denote the inclusion map. Let {U} be a collection of conical open sets in X 
that cover Y, and such that each U (lY is closed in U. To show that i*C is locally constant 
on Y it is enough to show that j*{C\u) is constant on Y DU, where j denotes the inclusion 

Ynu ^u. 

For each e > let C^L C CL denote the set [0, e) x L/{0} x L, and let B^{v) denote the 
ball of radius e around f e M^. Let {Ui} be the collection of open subsets of X of the form 
CeL X Bs{v) under the homeomorphism U = CL x R^. Whenever Ui and Uj are of this form 
and Uj C Ui, it is easy to directly construct a stratified homotopy inverse to the inclusion 
map Uj ^ Ui] thus by assumption the restriction functor C{Ui) C{Uj) is an equivalence. 
For each y gY nU the Ui containing y form a fundamental system of neighborhoods of 
so the functor C{U) Cy= is an equivalence. It follows that i*C is equivalent to the 

constant sheaf on F n t/ with fiber C{U). This completes the proof. □ 

3.3. Direct images. 

Proposition 3.14. Let {X, S) and {Y, T) be topologically stratified spaces, and let f : X Y 
be a stratified map (see definition \3.4\ ). Let C be an S-constructible stack on X. Then f^C 
is T -constructible on Y . 

Proof. Let y he a, point of Y . Let f/ = x CL be a conical neighborhood of y, and 
lei V <Z U he a, smaller conical neighborhood such that the inclusion map F ^ f/ is a 
stratified homotopy equivalence. We may assume U is small enough so that there exists a 
topologically stratified space F and a stratum-preserving homeomorphism f~^{U) = F x U 
that commutes with the projection to U. Then the inclusion map f~^{V) ^ f^^{U) is a 
stratified homotopy equivalence: if : f/ — > V is a homotopy inverse, then a homotopy 
inverse to f~^{y) ^ f~^{U) is given by {id,(j)) : F x U ^ F xV. By proposition 13.121 and 
theorem 13.131 it follows that /*C is constructible. □ 
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4. Example: the stack of perverse sheaves 

Let (X, S) be a topologically stratified space. Let denote the bounded constructible 

derived category of (X, S). Dg{X) is the full subcategory of the bounded derived category 
of sheaves of abelian groups on X whose objects are the cohomologically constructible com- 
plexes of sheaves on X; that is, the complexes whose cohomology sheaves are constructible 
with respect to the stratification of X. For details and references see [7j. 

We note the following: 

Lemma 4.1. Let {X,S) be a topologically stratified space, let T be the induced stratification 
on (0, 1) X X , and let tt : (0, 1) x X ^ X denote the projection map. The pullback functor 
IT* : Dg{X) D^((0, 1) X X) is an equivalence of categories. 

Proof. A constructible sheaf F on a topologically stratified space U of the form U = 'R'' xCL 
has the property that H^{U; F) = for i > 0. We may use this to show that R^ti^F vanishes 
for F constructible on (0, 1) x X and i > 0. Indeed, R^tt^F is the sheafification of the 
presheaf U ^ i/^((0,l) x U]F)) and since every point of X has a fundamental system 
of neighborhoods of the form x CL the stalks of this presheaf vanish; it follows that 
R^7c^:F vanishes. Thus F —>■ R7r*7r*F is a quasi- isomorphism for every sheaf F on X, and 
7r*R7r*F ^ F is a quasi-isomorphism for every constructible sheaf on (0, 1) x X, completing 
the proof. □ 

If C is a connected stratum of X let ic denote the inclusion map ic '■ C "-^ X . Let D^^{C) 
denote the subcategory of D^{C) whose objects are the complexes with locally constant 
cohomology sheaves. Recall the four functors Ri(7^*,ic^! : D\^{C) — > D|(X) and Rz|^, : 
D^g{X) D\JJJ), and recall the following definition from [T]: 

Definition 4.2. Let (X, S) be a topologically stratified space, and let p : C i-^ viC) be any 
function from connected strata of (X, S) to Z. For each connected stratum C, let ic denote 
the inclusion C ^ X. A perverse sheaf of perversity p on X, constructible with respect to 
S, is a complex K G D|(X) such that 

(1) The cohomology sheaves of i^K G D^{C) vanish above degree p{C) for each C. 

(2) The cohomology sheaves of Hi'^jK G D^{C) vanish below degree p{C) for each C. 

Let P(X, S^p) denote the full subcategory of D|(X) whose objects are the perverse sheaves 
of perversity p. 

Every open set [/ C X inherits a stratification from X, and we may form the category 
Dg{U). This defines a prestack on X: there is a restriction functor Dg{U) — > Dg{V) defined 
in the obvious way whenever V G U are open sets in X. It is easy to see that if P is a 
perverse sheaf on U then its restriction to V is also a perverse sheaf. We obtain a prestack 
U 1-^ P(f/, S,p). Write Vx,s,p for this prestack. The following theorem is a result of [1]: 

Theorem 4.3. Let X be a topologically stratified space with stratification S. Let p be any 
function from connected strata of X to integers. The prestack Vx,s,p is a stack. 

We may easily prove, using the criterion in theorem I3.13t 

Theorem 4.4. Let (X, S) be a topologically stratified space. Let p be any function from 
connected strata of X to integers. The stack Vx,s,p is constructible. 
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Proof. Let U and V be open sets in X, and suppose V G U and that the inclusion map 
V ^ U is a. stratified homotopy equivalence. By lemma l^?T| the restriction map Dg{U) —>■ 
D^si^) is equivalence of categories. It follows that V{U) ViV) is also an equivalence. 
Thus V is constructible by theorem I3.13[ □ 



5. The fundamental 2-groupoid and 2-monodromy 



In this section we review the unstratified version of our main theorem II. 3t we introduce 
the fundamental 2-groupoid 7r<2(X) of a space X and prove that the 2-category of locally 
constant stacks Stic(X) is equivalent to the 2-category of Cat- valued functors on 7r<2(X). 
Let us call the latter objects "2-monodromy functors," and write 2Mon(X) for the 2-category 
of 2-monodromy functors F : 7r<2(X) Cat. We define a 2-functor 

N : 2Mon(X) ^ Sti^{X) 

and prove that it is essentially fully faithful and essentially surjective. The most important 
ingredient is an analog for 7r<2(X) of the classical van Kampen theorem; this is theorem 15.61 
The results of this section are essentially contained in [9] and [18] . 

5.1. The fundamental 2-groupoid. Let X be a compactly generated Hausdorff space, 
and let x and y be two points of X. A Moore path from x to ?/ is a pair (A, 7) where A is a 
nonnegative real number and 7 : [0, A] —> X is a path with 7(0) = x and 7(A) = y. Let us 
write P{x, y) for the space of Moore paths from x to y, given the compact-open topology. 
We have a concatenation map P{y, z) x P(x, y) — > z) defined by the formula 



(A, 7) ■ (ft, l3) = {\ + ft, a) where a{t) 



Pit) if t < ft 
7(t — ft) if t > ft 



If we give the product P{y, z) x P(x, y) the Kelly topology (the categorical product in the 
category of compactly generated Hausdorff spaces), this concatenation map is continuous. 
It is strictly associative and the constant paths from [0, 0] are strict units. 

Definition 5.1. Let 7r<2(X) denote the 2-category whose objects are points of X, and 
whose hom categories Hom(x, ?/) are the fundamental groupoids of the spaces P{x,y). (The 
discussion above shows that this is a strict 2-category.) 

Remark 5.2. The 2-morphisms in 7r<2(X) are technically equivalence classes of paths 
[0, 1] — >• P{x, y). A path [0, 1] P{x, y) between a and (3 is given by a pair (6, H) where b 
is a map [0, 1] M>o, and if is a map from the closed region in [0, 1] x R>o under the graph 
of h: 



EXIT PATHS AND CONSTRUCTIBLE STACKS. 



15 



H is required to take the top curve to y, the bottom curve to x, and to map the left and right 
intervals into X hj a and (3. It is inconvenient and unnecessary to keep track of the function 
b: there is a reparameterization map from Moore paths to ordinary (length 1) paths which 
takes (A, 7) to the path t 1— >• 7(A • t). This map is a homotopy equivalence, so it induces an 
equivalence of fundamental groupoids. Thus, 2-morphisms from a to f3 may be represented 
by homotopy classes of maps H : [0, 1] x [0, 1] — X with the properties 

(1) H{0, u) = a{s ■ u), where s is the length of the path a. 

(2) H{1, u) = P(t ■ u), where t is the length of the path /?. 

(3) hIu, 0) = X and H{u, 1) = y. 

5.2. Two-monodromy and locally constant stacks. 

Definition 5.3. Let X be a compactly generated Hausdorff space. Let 2Mon(X) denote 
the 2-category of 2-functors from 7r<2(X) to the 2-category of categories: 

2Mon(X) := 2Funct(7r<2(X), Cat) 

Let U C X be an open set. The inclusion morphism U "-^ X induces a strict 2-functor 
T!'<2{U) 7r<2(X); let ju denote this 2-functor. If F : 7r<2(X) — > Cat is a 2-monodromy 
functor on X set F\u := F o j^. 

Definition 5.4. Let X be a compactly generated Hausdorff space. Let N : 2Mon(X) 
Prest(X) denote the 2-functor which assigns to a 2-monodromy functor F : 7r<2(X) Cat 
the prestack 

UF -.U ^ 21im F\u 

Our goal is to prove that when X is locally contractible N gives an equivalence of 2- 
categories between 2Mon(X) and Stic(X); this is theorem 15. 7[ 

5.3. A van Kampen theorem for the fundamental 2-groupoid. Let X be a compactly 
generated Hausdorff space. Let {Ui}i^i be a ci-cover of X. (By this we just mean that {Ui}i^i 
is an open cover of X closed under finite intersections; then I is partially ordered by inclusion. 
See appendix A.) An ideal van Kampen theorem would state that the 2-category '7r<2(X) is 
the direct limit (or "direct 3-limit") of the 2-categories 7r<2(t/j). We do not wish to develop 
the relevant definitions here. Instead, we will relate the 2-category 7r<2(X) to the 2-categories 
7r<2(f^i) by studying 2-monodromy functors. We will define a 2-category 2Mon({f/j}jg/) of 
"2-monodromy functors on the d-cover," and our van Kampen theorem will state that this 
2-category is equivalent to 2Mon(X). 

If U is an open subset of X, the inclusion morphism U ^ X induces a 2-functor 7r<2(f/) — > 
7r<2(X). Let us denote by {—)\u the 2-functor 2Mon(X) 2Mon([/) obtained by composing 
with 7r<2(f/) 7r<2(X). 

Definition 5.5. Let {f/jjig/ be a ci-cover of X. A 2-monodromy functor on {t/jjiG/ consists 
of the following data: 

(0) For each z G /, a 2-monodromy functor Fi G 2Mon(f/(). 

(1) For each i,j^I with Uj C f/j, an equivalence of 2-monodromy functors Fi\u- ^ Fj. 
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(2) For each i,j,k G / with Uk C Uj C Ui, an isomorphism between the composite 
equivalence Fi\uj\uk ~* -^ik* ~* Fk and the equivalence Fi\u^ ^ Ft 

such that the following condition holds: 

(3) For each z, j, k,i E I with C Uk C Uj C Ui, the tetrahedron commutes: 

Fi\uj\ujue ^ Fjluju^ Fi\u^\uju^ ^ Fjluju^ 




The 2-monodromy functors on {f/j}ie/ form the objects of a 2-category in a natural way. 

If F is a 2-monodromy functor on X then we may form a 2-monodromy functor on {Ui}i<zi 
by setting Fi = F\u., and taking all the 1-morphisms and 2-morphisms to be identities. This 
defines a 2- functor 2Mon(X) 2Mon({f/j}); let us denote it by res. 

Theorem 5.6 (van Kampen). Let X be a compactly generated Hausdorff space, and let 
{Ui}i^i he a d-cover of X . The natural 2-functor res : 2Mon(X) — ^ 2Mon({f/i}.jg/) is an 
equivalence of 2-categories. 

We will prove this in section 15. 5[ Let us first use this result to derive our 2-monodromy 
theorem. 

5.4. The 2-monodromy theorem. 

Theorem 5.7. Let X he a compactly generated Hausdorff space, and let F he a 2-monodromy 
functor on X. The prestack NF is a stack. Furthermore, if X is locally contractihle, the 
stack NF is locally constant, each stalk category (NF)^. is naturally equivalent to F{x), and 
the 2-functor N : 2Mon(X) Stic{X) is an equivalence of 2-categories. 

Proof. Let G be another 2-monodromy functor on X, and let N(G', F) be the prestack U ^ 
Hom2Mon((7)(G^|i/5 -^li/)- It is useful to show that N{G,F) is a stack; we obtain that NF = 
N{*,F) is a stack clS cL special case. 

Let U C X be an open set, and let {Ui}i^i be a d-covei of U. To see that the natural 
functor 

N{G,F){U)^2hmN{G,F){U,) 
I 

is an equivalence of categories note that 21im^ N(G, F){Ui) is equivalent to the category of 1- 
morphisms from res{G\u) to res{F\u). Here res{G\u) and res{F\u) denote the 2-monodromy 
functors on the d-cover {U} induced by the 2-monodromy functors G\u and F\u on U. By 
theorem 15.61 res induces an equivalence on hom categories. Thus N(G,F) is a stack. 

Let U and V be contractible open subsets of X with V <ZU . Then both vr<2(V^) and ti<2{U) 
are trivial, so T^<2{y) —>■ 7i<2{U) in an equivalence. It follows that N(G, F){U) N(G, F){V) 
is an equivalence of categories. If X is locally contractible then by theorem 12.91 N{G,F) is 
locally constant. In fact if U is contractible and x G f/, the triviality of the 2-category 
7r<2(f/) shows that N(G', F){U) is naturally equivalent to the category of functors from G{x) 
to F{x), thus the stalk N{G,F)x is equivalent to Funct(G(a;), 
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Now suppose X is locally contractible, and let us show that N : 2Mon(X) Stic{X) is 
essentially fully faithful: we have to show that Hom2Mon(x) (C, F) Homst(x)(NG, NF) is 
an equivalence of categories. In fact we will show that the morphism of stacks N{G,F) 
Hom(NG, NF) is an equivalence. (Here Hom fNC, NF) is the stack on X that takes an open 
set U to the category of 2-natural transformations Hom(NG'(f/), NF(f/)).) It suffices to 
show that each of the functors N(G, F)x — > Hom(NG, NF)x between stalks is an equivalence 
of categories; both these categories are naturally equivalent to the category of functors 
Funct(G(x),F(x)). 

Finally let us show that N : 2Mon(X) — > Stic{X) is essentially surjective. For each 
1-category C, if F is the constant C- valued 2-monodromy functor on X then NF is the 
constant stack with fiber C: the obvious map from the constant prestack Cp-x to NF induces 
an equivalence on stalks. Thus every constant stack is in the essential image of N. Let C 
be a locally constant stack on X, and let {Ui}i^i be a rf-cover of X over which C trivializes. 
Then we may form a 2-monodromy functor on the d-covei as follows: for each i G / we may 
find an Fj (a constant functor) and an equivalence NFj = C\ur, then for each i,j G / we 
may form the composite equivalence Fi\u. = C\ui\uj = C\uj — Fj] etc. By theorem 15.61 this 
descends to a 2-monodromy functor F on X, and NF is equivalent to C. This completes the 
proof. □ 

5.5. The proof of the van Kampen theorem. Before proving theorem 15.61 let us discuss 
homotopies in more detail. We wish to show that any 2- morphism in 7r<2(X) may be factored 
into smaller 2-morphisms, where "small" is interpreted in terms of an open cover of X. 

Definition 5.8. Let X be a compactly generated Hausdorff space. Let {f/j}ig/ be a d- 
cover of X. A homotopy h : [0, 1] x [0, 1] — >■ X is i-elementary if there is a subinterval 
[a,b] C [0,1] such that h{s,t) is independent of s so long as t ^ [(i,b], and such that the 
image of [0, 1] x [a, b] C [0, 1] x [0, 1] under h is contained in f/j. If a homotopy h is ^-elementary 
for some unspecified i E I then we will simply call h elementary. 

Let X and {Ui} be as in the definition. Let x,y E X he points, a,P E P{x,y) be Moore 
paths, and let h : [0, 1] x [0, 1] — *• X be a homotopy from a to /3. (See remark [5^ ) Suppose 
we have paths 70,71, a' and and a homotopy h' : a' ^ /?', such that a = 71 ■ a' ■ 70, 
/3 = 7i ■ /3' ■ 7o, and h = 1^^ ■ h' ■ l^^. 




Then h is an z-elementary homotopy if and only if the image of h' lies in Ui. Any i- 
elementary homotopy may be written as 71 ■ /i' ■ 70 for some 70, h' , 71. 

Proposition 5.9. Let X he a compactly generated Hausdorff space, and let {f/jjig/ he a 
d-cover of X . Let a and (3 he two Moore paths from x to y, and let h : [0, 1] x [0, 1] ^ X he 
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a homotopy from a to (3. Then there is a finite list a = ao, ai, ■ ■ ■ , an = P of Moore paths 
from X to y, and of homotopies hi : ao ^ ai, /i2 ^ o;i — > a2, . . .hn '■ Q;„_i — > such that h 
is homotopic to hn o hn-i o . . . o hi, and such that each hi is elementary. 

Proof. Pick a continuous triangulation of [0, 1] x [0, 1] with the property that each triangle 
is mapped by h into one of the Ui. Let n be the number of triangles, and suppose we have 
constructed an appropriate factorization whenever the square may be triangulated with fewer 
than n triangles. Pick an edge along {0} x [0, 1]; this edge is incident with a unique triangle 
a, as in the diagram 




We may find a homeomorphism rj between the complement of a in this square with another 
square such that the composition 

[0, 1] X [0, 1] ^ closure([0, 1] x [0, 1] - a) ^ X 

may be triangulated with n — 1 triangles. Let us denote this composition by g. On the 
other hand it is clear how to parameterize the union of a and {0} x [0, 1] by an elementary 
homotopy: 




Let us write k : [0, 1] x [0, 1] — X for the composition of this parameterization with h. Now k 
is an elementary homotopy and g may be factored into elementary homotopies by induction. 
The mapping cylinders on the homeomorphism t] and the parameterization of crU {0} x [0, 1] 
form a homotopy between h and g o k. □ 

We also need a notion of elementary 3-dimensional homotopy. 

Definition 5.10. Let X be a compactly generated HausdorfT space, and let {Ui}i^i be a 
(i-cover of X. Let x, y e X, a, /? e P(x, y), and let ho, hi : [0, 1] x [0, 1] — > X be homotopies 
from a to p. A homotopy t ^ ht between /iq ^-nd hi is called i-elementary if there is a closed 
rectangle [a, h] x [c, d\ C [0, 1] x [0, 1] such that 

(1) ht{u,v) is independent of t for ^ [a, 6] x [c, d] 

(2) For each t, ht([a, h] x [c, d]) C t/j. 



EXIT PATHS AND CONSTRUCTIBLE STACKS. 



19 



Proposition 5.11. Let X, {f/j}jg/, x,y,a,(3 be as in definition \5.1(A Let h and g be ho- 

motopies from a to (3. Suppose that h and g are homotopic. Then there is a sequence 
h = ko, ki, . . . , kn = g of homotopies from a to j3 such that ki is homotopic to ki^i via an 
elementary homotopy. 

Proof. Note that the homotopy between h and a factorization km o . . . o hi constructed in 
propostion l5.9l is given by a sequence of elementary 3-dimensional homotopies. Thus we may 
assume that h is of the form km o . . . o hi, where each hi is an elementary homotopy, and 
that g is of the form ggo . . . o gi where each gi is an elementary homotopy. By induction we 
may reduce to the case where m = i = 1 so that h and g are both elementary. Suppose that 
H : [0, 1] X [0, 1] X [0, 1] is a homotopy between h and g. We may triangulate [0, 1] x [0, 1] x [0, 1] 
in such a way that each simplex a is carried by H into one of the charts Ui. We may use 
these simplices to factor H just as in proposition 15. 9[ □ 

Now we may prove theorem 15. 6[ To show that res : 2Mon(X) — ^ 2Mon({f/j}) is an equiv- 
alence of 2-categories it suffices to show that res is essentially fully faithful and essentially 
surjective. This is the content of the following three propositions. 

Proposition 5.12. Let X be a compactly generated HausdorfJ space, and let {Ui}i^j be a 
d-cover of X. Let F and G be two 2-monodromy functors on X. The functor Hom(F, G) 
Hom ( res (-F), res (G)) induced by res is fully faithful. 

Proof. Let n and m be two 2-natural transformations F ^ G, and let and be two 
modifications n ^ m. Since we have = ■?/' if and only if 0^. = ip^ for each x G X, and since 
(j)x = res{(l))x,i and ipx = res{ip)x,i whenever x G t/j, we have res{(j)) = res{ip) if and only if 
(j) = ip. This proves that the functor induced by res is faithful. 

Let n and m be as before, and now let {4>x,i} be a 2-morphism between res{n) and 
res{m). The 2-morphisms (f)x,i '■ n{x) —>■ m{x) are necessarily independent of i, since whenever 
X E Uj G Ui we have (pxj ° ln(x) = lm(a;) ° 4'x,i- Write (px = 4>x,i for this common value. Since 
{(px,i} is a 2-morphism in 2Mon({[/j}jg7) , every path 7 : a; — > y whose image is contained in 
one of the Ui induces a commutative diagram 

n{x) ^^^n{y) 



mix) ^ miy) 

It follows that this diagram commutes for every path 7, since every 7 may be written as 
a concatenation 7Ar ■ . . . ■ 71 of paths 7^ with the property that for each k there is an i 
such that the image of 7^ is contained in f/j. Thus, x 1-^ is a 2-morphism n ^ m, and 
res({0^}) = {4>x,i}, so the functor induced by res is full. □ 

Proposition 5.13. Let X , {f/j}jg/, F , and G be as in proposition \5.1S[ The functor 
Hom(F, G) Hom ( res (F), res (G)) induced by res is essentially surjective. 

Proof. Let {ui} be a 1-morphism res{F) res{G). For each i and each x with x E UiWe are 
given a functor nj(x) : F{x) G{x), and for each j with x G f/j C Ui we are given a natural 
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isomorphism pij.^ : ni{x) — nj{x) which makes certain diagrams commute. In particular, if 
we have x E Uk C Uj C Ut, then pj^-^ o Pij;x = Pik;x- Let us take 

n{x) := lim nj(x) 

Since the hmit is filtered and each ni{x) — rijlx) is an isomorphism, the limit exists and all 
the natural maps ni{x) — > n{x) are isomorphisms. 

To show that {rii} is in the essential image of res we will extend the assignment x ^ n{x) 
to a 1-morphism F ^ G. To do this we need to define an isomorphism n{'y) : G{'y) on{x) ^ 
n{y) o F{'y) for every path 7 starting at x and ending at y. In case the image of 7 is entirely 
contained in Ui for some i, define n(7) to be the composition 

(^(7) o n{x) ^ ^(7) o ni{x) ni{y) o ^(7) ^ o ^(7) 

By naturality of the morphisms Pij-x, this map is independent of i. For general 7 we may 
find a factorization 7 = 71 ■ . . . ■ 77V where each 7^ is contained in some Ui, and define 
n(7) = n(7i)n(72) . . . ^(7^). 

Let X and ?/ be points in X, let a and /3 be two paths from x to y, and let hhe a homotopy 
from a to f3. To show that the assignments x 1— >■ n{x) and 7 1— ^(7) form a 1-morphism 
F — i> G, we have to show that n(Q;) and n{(3) make the following square commute: 



7i(a) 



By proposition [5]9] we may assume h is elementary. An elementary homotopy may be factored 
as h = 1^ ■ h' ■ Is where the image of h' lies in Ui, so we may as well assume the image of h 
lies in U. In that case the diagram above is equivalent to 



ni{a) 



G\i{a) o mix) ^ G\i{(3) o mix) 

G\i(h)ni(x) 

which commutes by assumption. (Here F\i and G\i denote the restrictions of F and G to 
'^<2{Ui).) The natural isomorphisms ni{x) n{x) assemble to an isomorphism between 
res{n) and {rii}, completing the proof. 

□ 

Proposition 5.14. Let X be a compactly generated Hausdorff space, and let {Ui] he a 
d-cover of X. The natural 2-functor res : 2Mon(X) — 2Mon({[/(}) is essentially surjective. 

Proof. Let {Fj} be an object of 2Mon[{Ui}i^i) . For each point x G X let F(x) denote the 
category 

F{x) := 21im Fi{x) 
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Since I is filtered and each of tlie maps Fi{x) Fj{x) is an equivalence, the natural map 
Fi{x) —>■ F{x) is an equivalence of categories for each i. 

We wish to extend the assignment x ^-^ F{x) to a 2-functor 7r<2(X) Cat. Let 7 be a 
path between points x and y in X. If the image of 7 is contained in some f/j then we may 
form -F(7) : F{x) F{y) by taking the direct limit over i of the functors c,^^ : F{x) F{y), 
where is the composition 

F{x) C F,{y) ^ F{y) 

Whenever Uj C Ui the natural transformation q,^ cj^^ induced by the commutative square 

F,{x)^F,{y) 
Fix) ^FAy) 

is an isomorphism, and the limit is filtered, so each of the maps F{'y) is an isomor- 

phism. 

Now for each path 7 not necessarily contained in one chart, pick a factorization 7 = 
7i ■ . . . ■ 7jv with the property that for each i there is a such that the image of 7^ lies in 
Uk- If Xi and xg^i denote the endpoints of 7^, let -^(7) : F{x) — > F{y) be the functor given 
by the composition 

Fix) = Fix^) ^^'^ Fix,) '^^^ . . . ^^^^ = 

Suppose h is a homotopy between paths a and (3 with the property that the images of a, 
(3, and h lie in a single chart Ui. Then define a natural transformation Fih) : Fia) —>■ Fi(3) 
to be the composition 

Fia)^F,ia)^'^^ F,iP)^FiP) 

\ih = 1^^ ■ h' ■ is an elementary homotopy, such that the image of h' lies in some f/j, define 
Fih) = If g is an arbitrary homotopy, let gn°gn~i ■ ■ be a composition 

of elementary homotopies that is homotopic to g, and define -^(5^) = Fig^) o ■ ■ ■ o Figi). The 
gi exist by proposition 15. 9[ and the formula for Fig) is independent of the factorization by 
proposition 15. Ill 

We may extend F to all elementary homotopies, since any elementary homotopy can be 
written as 1^^ ■ h' ■ 1^^ where the image of h' lies in some Uf, it follows that if h and g are 
elementary homotopies that are themselves homotopic by an elementary homotopy, then 
Fih) = Fig). By propositions 15.91 and 15.111 this is well-defined. 

The maps -Fj(x) — > Fix) assemble to a map {Fi} res(F) in 2Mon({f/i}). As each 
Fiix) Fix) is an equivalence by construction, this shows that {Fi} is equivalent to res(F), 
so that res is essentially surjective. □ 
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6. Stratified 2-truncations and 2-monodromy 

In this section we develop an abstract version of our main theorem. We introduce the 
notion of a stratified 2-truncation. A stratified 2-truncation ~k <2 is a strict functorial assign- 
ment from topologically stratified spaces to 2-categories satisfying a few axioms. We show 
that these axioms guarantee that the 2-category of 2-functors from 1?<2(X, 5*) to Cat is 
equivalent to the 2-category of S'-constructible stacks on X. 

Let Strat denote the category of topologically stratified spaces and stratum-preserving 
maps between them. We will consider functors from Strat to the category (that is, 1- 
category) of 2-categories and strict 2-functors; we will denote the latter category by 2cat. 
Thus, such a functor consists of 

(1) an assignment {X,S) ^ ^<2(X, 5) that takes a topologically stratified space to a 
2-category. 

(2) an assignment / ^ ^<2(/) that takes a stratum-preserving map f : X ^ Y to a, 
strict 2-functor ~n <2{f) '■ '7i<2{X) lr'<2(F). 

such that for any pair of composable stratum-preserving maps X ^ Y Z, we have 

A functor vr <2 is called a stratified 2-truncation if it satisfies the four axioms below. Two 
of these axioms require some more discussion, but we will state them here first somewhat 
imprecisely: 

Definition 6.1. Let 1?<2 be a functor Strat 2cat. We will say that ^<2 is a stratified 
2-truncation if it satisfies the following axioms: 

(N) Normalization. If denotes the empty topologically stratified space, then ^<2(0) is 
the empty 2-category. 

(H) Homotopy invariance. For each topologically stratified space {X,S), the 2-functor 
^<2(/) : ^((0, 1) X X, S") — > ^(X, S) induced by the projection map / : (0, 1) x 
X ^ X is an equivalence of 2-categories. Here 5" denotes the stratification on 
(0, 1) X X induced by 5*. 

(C) Cones. Roughly, for each compact topologically stratified space L, lf<2(CL) may be 
identified with the cone on the 2-category lf<2(Iv). See section WT\ below. 
(vK) van Kampen. Roughly, for every topologically stratified space X and every d-cover 
{Ui}i^i of X, the 2-category ¥^<2(X) is naturally equivalent to the direct hmit (or 
"3-limit") over i G / of the 2-categories ^<2(^i)- See section W2] below. 

6.1. Cones on 2-categories and axiom (C). If C is a 2-category, let (* | C) denote the 
2-category whose objects are the objects of C together with one new object *, and where 
the hom categories B.om^:ic{x,y) are as follows: 

(I) Hom(a;, y) = Homc(a;, y) if both x and y are in C. 

(2) Hom(a;, y) is the trivial category if x = *. 

(3) Hom(x, y) is the empty category if y = * and x ^ *. 

Definition 6.2. Let ^<2 : Strat 2cat be a functor satisfying axioms (N) and (H) 
above. For each compact topologically stratified space L, let us endow (0, 1) x L and CL 
with the naturally induced topological stratification. Let us say that ^<2 satisfies axiom 
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( C) if for each compact topologically stratified space L there is an equivalence of 2-categories 
~K<2iCL) (* i lT<2iL)) such that 

(1) the following square commutes up to equivalence of 2-functors: 

1?<2((0, 1) X L) ^ 1^<2{CL) 



1t<2{L) ^ (* i ¥'<2(L)) 

(2) The composition l?<2({cone point}) li <2iCL) ^ (* i li <2{.L)) is equivalent to 
the natural inclusion if <2 ({cone point}) =*—*>(*! lf<2(-/^)) 

6.2. Exit 2-monodromy functors and axiom (vK). Morally, the van Kampen axiom 
states that preserves direct limits (at least in a diagram of open immersions). We find 
it inconvenient to define a direct 3-limit of 2-categories directly; we will instead formulate it 
in terms of category-valued 2-functors on the 2-categores lf<2(X), as in section [5731 
In this section, fix a functor ~k <2 '■ Strat — > 2cat. 

Definition 6.3. Let {X, S) be a topologically stratified space. An exit 2-monodromy functor 
on {X,S) with respect to ^<2 is a 2-functor ^<2(X, S*) Cat. Write 2Exitm(X, 5*) = 
2Exitm(X, S] ~n <2) for the 2-category of exit 2-monodromy functors on (X, S) with respect 

to 1?<2. 

Definition 6.4. Let (X, S) be a topologically stratified space. Let {t/j}ig/ be a d-cover of X. 
Endow each Ui with the topological stratification Si inherited from S. An exit 2-monodromy 
functor on {f/j}jg/, with respect to Ix <2 consists of the following data: 

(0) For each i G I a 2-monodromy functor Fi G 2Exitm(t/j, ^<2)- 

(1) For each i,jEl with Uj C Ui an equivalence of exit 2-monodromy functors Fi\u, ^ 
Fr 

(2) For each i^j^k G / with Uk C Uj C Ui an isomorphism between the composite 
equivalence Fi\u^\u^ ^ Fj\uk ~^ Fk and the equivalence Fi|r/fe Fk 

such that the following condition holds: 

(3) For each i,j, k,i & I with Ue C Uk C Uj C Ui, the tetrahedron commutes: 

Fi\u,\Uk\ue ^ Fjlujue -^i | C/j | !7 J t/^ ^ Fj\uju^ 




Write 2Exitm({f/j}jg/, ^<2) for the 2-category of exit 2-monodromy functors on {U}. 

Let X be a topologically stratified space, and let {Ui}i^j be a d-cover of X. Denote by 
res the natural strict 2-functor 2Exitm(X) — >■ 2Exitm({[/j}jg7) . 

Definition 6.5. Let ^<2 be a 2-functor Strat 2cat. We say that ^<2(X) satisfies 
axiom (vK) if res : 2Exitm(X) 2Exitm({t/i}i6/) is an equivalence of 2-categories for 
every topologically stratified space X and every d-cover {?7j}jg/ of X. 
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6.3. The exit 2-monodromy theorem. In this section fix a stratified 2-tmncation li <2- 

Definition 6.6. Let (X, S) be a topologically stratified space. For each open set U <Z X, let 
Su denote the induced stratification of U and let ju denote the inclusion map U ^ X. Let 
N : 2Exitm(X, 5") — > Prest(X) denote the 2-functor which assigns to an exit 2-monodromy 
functor F : ^<2(X, S) Cat the prestack 

NF : [/ ^ 21im F o '7r<2(ju) 

~^<2{U,Su) 

Wc wish to prove that N is an equivalence of 2Exitm(X, S) onto the 2-category St5(X). 
We need a preliminary result about constructible stacks on cones. 

Definition 6.7. Let (L, S) be a topologically stratified space. Let (Cat I Sts{L)) denote 
the 2-category whose objects are triples (C,C,0), where 

(1) C is a 1-category. 

(2) C is a constructible stack on L 

(3) is a 1-morphism C^ — > C, where Cl denotes the constant stack on L. 

If (L, S) is a compact topologically stratified space, let 5" denote the induced stratification 
on (0, 1) X L and S" the induced stratification on CL. There is a 2-functor 

St5"(CL) ^ (Cat i St5' ((0, 1) X L)) ^ (Cat i Sts (L)) 

which associates to a stack C the triple (C(X), C|(o,i)xl, 0), where (f) is the evident restriction 
map. 

Definition 6.8. Let {L, S) be a topologically stratified space. Let (Cat i 2Exitm(L)) 

denote the 2-catcgory whose objects are triples (C, F, 4>) where 

(1) C is a 1-category. 

(2) F is an exit 2-monodromy functor on L. 

(3) is a 1-morphism from the constant C-valued functor to F. 

Note that the equivalence 

^<2(CL) ^ (* i 'n<2{L)) 

gives an equivalence 

(Cat i 2Exitm(L)) ^ 2Exitm(CL) 

Proposition 6.9. Let L be a compact topologically stratified space, and let CL be the open 
cone on L. The 2-functor Sts"{CL) (Cat J, St5(L)) is an equivalence of 2-categories. 
Furthermore, the square 

2Exitm(CL, S") ^ St 5" (CL) 



(Cat i 2Exitm(L,5)) — (Cat i ^is{L)) 
commutes up to an equivalence of 2-functors. 
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Proof. The 2-functor Sts"{CL) (Cat | St5/((0, 1) x L)) is inverse to the 2-functor that 
takes an object (C, C, 0) to the unique stack given by the formula 

/ C if f/ is of the form C,L = [0, e) x L/{0} x L 



Theorem 6.10. Let {X,S) be a topologically stratified space, and let F be an exit 2- 
monodromy functor on {X,S). The prestack NF is an S-constructible stack, and the 2- 
functor N : 2Exitm(X, 5) St5(X) is an equivalence of 2- categories. 

Proof. We will follow the proof of theorem 15 .71 Let G be another exit 2-monodromy functor 
on X, and once again let H{G,F) be the prestack U ^ Hom2Exitm((7)(G|(7, F|(7). As in the 
proof of theorem 15.71 the van Kampen property of li <2 (axiom (vK)) implies N(G, F) is a 
stack. By the homotopy axiom (H), li <2{V) 't^ <2{U) is an equivalence of 2-categories 
whenever V d U are open sets and V "—^ U is a, loose stratified homotopy equivalence. It 
follows that the stacks H{G,F) are constructible by theorem I3.13[ In particular HF is a 
constructible stack. 

To see that N : 2Exitm(X, S) —>■ St5'(X) is essentially fully faithful, it suffices to show that 
N(G', F) —>■ Hom fNC, NF) is an equivalence of stacks, and we may check this on stalks. We 
will induct on the dimension of X: it is clear that this morphism is an equivalence of stacks 
when X is 0-dimensional, so suppose we have proven it an equivalence for X of dimension 
< d. Let X G X and let [/ be a conical neighborhood of x. The morphism N{G,F)x — > 
Hom(NG, NF)^. is equivalent to the morphism H{G,F){U) -> IIom(NG'|(7, NF|[/), and by 
the stratified homotopy equivalence U ^ CL we may as well assume U = CL. Let T 
denote the stratification on L. By proposition 16.91 we have to show that the 2-functor 
(Cat I 2Exitm(L, T)) — > (Cat | StxiL)) is an equivalence, but this map is induced by 
N : 2Exitm(L, T) —>■ Str(-^v) which is an equivalence by induction. 

Finally let us show that N : 2Exitm(X, S) —>■ Sts'(X) is essentially surjective. Again let us 
induct on the dimension of X. Let C be a constructible stack on X. The restriction of C to 
a conical open set U = M."^ x CL is in the essential image of N : 2Exitm([/, Su) — > Sts,j{U) 
by induction and proposition 16. 9[ We may find a d-cover {Ui}i<^j of X generated by conical 
open sets, so that for each i there is an Fj e 2Exitm(f/j) such that C\u- is equivalent to NFj. 
These Fj assemble to an exit 2-monodromy functor on the d-cover, which by axiom (vK) 
comes from an exit 2-monodromy functor F on X with NF = C. 

This completes the proof. 



In this section we identify a particular stratified 2-truncation: the exit-path 2-category 
FP<2. If (X, S') is a topologically stratified space, then the objects of FP<2(X, 5) are the 
points of X, the morphisms are Moore paths with the "exit property" described in the 
introduction, and the 2-morphisms are homotopy classes of homotopies between exit paths, 
subject to a tameness condition. The purpose of this section is to give a precise definition 
of the functor FP<2, and to check the axioms [6TT1 




□ 



□ 



7. Exit paths in a stratified space 
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Definition 7.1. Let X be a topologically stratified space. A path 7 : [a, 6] ^ X is called an 
exit path if for each ^1,^2 ^ [^5 b] with ti < t2, the point 7(^1) is in the closure of the stratum 
containing 7(^2); equivalently, if the dimension of the stratum containing 7(^1) is not larger 
than the dimension of the stratum containing 7(^2)- For each pair of points x,y & X let 
EP{x, y) denote the subspace of the space y) of Moore paths (section [5?T]) with the exit 
property, starting at x and ending at y. 

Remark 7.2. If we wish to emphasize the space X we will sometimes write EP{X; x, y) for 
EP{x,y). 

7.1. Tame homotopies. Let {X,S) be a topologically stratified space. Let us call a map 
[0, 1]" — > X tame with respect to S if there is a continuous triangulation of [0, 1]" such that 
the interior of every simplex maps into a stratum of X. Note that the composition of a tame 
map [0, 1]" — ^ X with a stratum-preserving map (X, S) {Y, T) is again tame. 

If X and y are two points of X, call a path h : [0, 1] —>■ EP{x, y) tame if the associated 
homotopy [0, 1] x [0, 1] — > X is tame with respect to S. (See remark [5l2] for how to associate an 
ordinary "square" homotopy to a homotopy between Moore paths.) Finally if H : [0, 1] x [0, 1] 
is a homotopy between paths h and g in EP{x,y), we call H tame if the associated map 
[0, 1] X [0, 1] X [0, 1] — > X is tame with respect to S. 

Definition 7.3. Let (X, S) be a topologically stratified space, and let x and y be points 
of X. Let tame{x,y) be the groupoid whose objects are the points of EP{x,y) and whose 
hom sets B.omtame{x,y){c(, P) are tame homotopy classes of tame paths h : [0, 1] — EP{x,y) 
starting at a and ending at /?. 

The concatenation map EP{y, z) x EP{x, y) EP{x, z) takes a pair of tame homotopies 
h : [0, 1] EP{x, y) and k : [0, 1] EP{y, z) to a tame homotopy A; ■ /i : [0, 1] — > EP{x, z), 
and this gives a well-defined functor tame{y,z) x tame{x^y) tame{x, z). It follows we 
may define a 2-category: 

Definition 7.4. Let (X, S*) be a topologically stratified space. Let EP<2{X,S) denote the 
2-category whose objects are points of X and whose hom categories B.omEp^2{^,s){^yy) ^-^e 
the groupoids tame{x,y). 

Remark 7.5. The tameness condition is necessary for our proof of the van Kampen property 
of EP<2{X,S) (which follows the proof given in section 15.51) - it allows us to subdivide 
our homotopies indefinitely. We can define a similar 2-category EP^2"'^{X,S) whose hom 
categories are the fundamental groupoids n<i(^EP{x,y)y I believe this 2-category to be 
naturally equivalent to EP<2{X, S), and that EP^f^^ could be used in place of EP<2 in our 
main theorem. To prove this one would have to show that the natural functor iame(x, y) 
■n<i{EP{x,y)) is an equivalence of groupoids. I have been unable to obtain such a "tame 
approximation" result. 

7.2. The exit path 2-category is a stratified 2-truncation. As a stratum-preserving 
map / : (X, S) (Y, T) preserves tameness of maps [0, 1]" X, it induces a functor 

: tame{x,y) tame[f(x),f{y)) and a strict 2-functor /* : EP<2{X, S) EP<2{y,T). 
Thus, EP<2 is a functor Strat 2cat. The remainder of this section is devoted to showing 
that EP^2 satisfies the axioms 16.11 for a stratified 2-truncation. 
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Theorem 7.6. The 2-functor EP^2 '■ Strat 2cat satisfies axioms (N) and (H) of \6.1[ 

Proof. Clearly i?P<2(0) is empty, so EP<2 satisfies axiom (N). 

Let us now verify axiom (H). Let (^,5*) be a topologically stratified space, and let 
TT : {0,1) X X —>■ X denote the projection map. The 2-functor tt, : EP<2((0, 1) x X) ^ 
EP<r^{X) is clearly essentially surjective. Let (s,x) and {t,y) be two points in (0,1) x X. 
To show that tt* is essentially fully faithful we have to show that tame[{s, x), {t,y)) 
tame{x,y) is an equivalence of groupoids. In fact this map is equivalent to the projection 
tame{s,t) x tame{x,y) — > tame{x,y), and the groupoid tame{s,t) coincides with the funda- 
mental groupoid 7i<i(^EP{s,t)) as (0, 1) has a single stratum. Since EP{s,t) is contractible, 
this groupoid is equivalent to the trivial groupoid, so the projection tame{s, t) x tame{x, y) 
tame{x,y) is an equivalence. 

□ 

Theorem 7.7. The 2-functor EP<2 '■ Strat 2cat satisfies axiom (C) of \6.1\ 

Proof. Let (L, S) be a compact topologically stratified space. Let CL be the open cone on 
L, and let * e CL be the cone point. We have to show that for each x G CL, the groupoid 
tame{*,x) is equivalent to the trivial groupoid. This is clear when x is the cone point, so 
suppose x = {u,y) G (0, 1) x L C CL. Let tame' C tame{*,x) denote the full subgroupoid 
whose objects are the exit paths a of Moore length 1 (i.e. a : [0, 1] — >■ CL) with a{t) ^ * for 
t > 0. Every exit path 7 G tame{x, y) is clearly tamely homotopic to one in tame'; it follows 
that tame' is equivalent tame{*,x). 

Let W C EP{*, x) be the subspace of exit paths a with Moore length 1 and with a(t) ^ * 
for t > 0. W is homeomorphic to the space of paths f3 : (0, 1] —>■ (0, 1) x L with the property 
that P is an exit path, that /?(1) = x, and that for all e > 0, there is a 5 > such that 
P~^[{0, e) X L) D (0, S). This space may be expressed as a product W = Wi x W2, where 

(1) Wi is the space of paths a : (0, 1] (0, 1) with a(l) = u and Ve3(5 such that 
a-i(0,e) D (0,(5) 

(2) W2 is the space of paths /3 : (0, 1] ^ L with /3(1) = y and P has the exit property. 
The first factor Wi is contractible via Kt '■ Wi — * Wi, where Kt{a){s) = t ■ s ■ u + {1 — t) ■ a{s). 
The second factor is contractible via fit '■ W2 — > W2 where /it(/3)(s) = P{t + s — ts). These 
contractions preserve tameness, and therefore they induce an equivalence between tame' and 
the trivial groupoid. □ 

Finally we have to prove that EP<2 satisfies the van Kampen axiom. Let us first discuss 
elementary tame homotopies, analogous to the elementary homotopies used in the proof of 
the van Kampen theorem for 7r<2 in section 15.51 

Definition 7.8. Let {X, S) be a topologically stratified space, and let {f/i}ie/ be a ci-cover 
of X. Let X and y be points of X, and let a and (3 be exit paths from x to y. A homotopy 
h : [0, 1] X [0, 1] —>■ X between a and f3 is i-elementary if there is a subinterval [a, b] C 
[0, 1] such that h{s,t) is independent of s so long as t ^ [ct, and such that the image of 
[0, 1] X [a, b] C [0, 1] X [0, 1] under h is contained in f/j. 

Remark 7.9. Elementary homotopies between exit paths may be pictured in the same way 
as ordinary homotopies, as in figure 15. 5[ 



28 



DAVID TREUMANN 



Proposition 7.10. Let {X, S) be a topologically stratified space, and let {f/j}jG/ be a d-cover 
of X . Let a and (3 be exit paths from x to y, and let h : [0, 1] x [0, 1] X be a homotopy 
from a to j3. Then there is a finite list a = aQ,ai,. . .,an = (3 of exit paths from x to y, and 
of homotopies hi : ^ ai, /i2 : ai ^ ^2; • • •; • ctn-i «n such that h is homotopic to 
hn o . . . o hi, and such that each hi is elementary. 

Proof. As in the proof of proposition I5.9[ it suffices to find a suitable triangulation of [0, 1] x 
[0,1]. In our case a triangulation is "suitable" if each triangle is mapped into one of the 
charts Ui, and if furthermore for each triangle a we may order the vertices Vi,V2,V3 in such 
a way that h carries the half-open line segment V1V2 — Vi into a stratum Xk, and the third- 
open triangle V1V2V3 — V1V2 into a stratum Xe. In that case we may find a parameterization 
g : [0, 1] X [0, 1] — > cr of 0" with the property that for each t the path [0, 1] {t} x [0, 1] — > 
a ^ X has the exit property in X. We may find a triangulation with these properties by 
picking a triangulation that is fine enough with respect to {Ui}, and taking its barycentric 
subdivision. □ 

We also may discuss elementary 3-dimensional homotopies between homotopies between 
exit paths, and a version of proposition 15.111 holds. 

Definition 7.11. Let (X, S) be a topologically stratified space, and let {Ui}i^j be a d-cover 
of X. Let x,y E X , a, (3 E EP'^{x, y), and let /iq, hi : [0, 1] x [0, 1] X be homotopies from 
a to p. A homotopy t ^ ht between ho and hi is called i-elementary if there is a closed 
rectangle [a, b] x [c, d\ C [0, 1] x [0, 1] such that 

(1) ht{u,v) is independent of t for {u,v) ^ [a, 6] x [c,d]. 

(2) For each t, ht[[a,b] x [c,d]) C Ui. 



Proposition 7.12. Let {X,S), {Ui], x,y,a,(3 be as in definition \ 7.11\ Let h and g be 



homotopies from a to (3. Suppose that h and g are homotopic. Then there is a sequence 
h = ko, ki, . . . , kn = g of homotopies from a to (3 such that, for each i, ki is homotopic to 
ki^i via an elementary homotopy. 

Proof. Similar to proposition 15.111 □ 

Theorem 7.13. The functor EP<2 '■ Strat —>■ 2cat satisfies axiom (vK). 

Proof. Let X be a topologically stratified space, and let {Ui}i(zj be a cZ-cover of X. We 
have to show that res : 2Exitm(X) 2Exitm{{Ui}) is an equivalence of 2-categories. It 
suffices to show that res is essentially fully faithful and essentially surjective. The proofs 
of these facts in the unstratified case - propositions 15.121 15.131 and 15.141 - may be followed 
almost verbatim to obtain the same results, after substituting propositions 17.101 and 17.121 for 
propositions 15.91 and 15.111 □ 

7.3. Proof of the main theorem. We may now prove the main theorem stated in the 
introduction. 

Theorem 7.14. The 2-functor EP<2 is a stratified 2-truncation. Because of this, for any 
topologically stratified space (X, S) the 2-category of S- constructive stacks on X is naturally 
equivalent to the 2-category of Cat -valued 2-functors on EP<2{X, S). 
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Proof. That EP<2 satisfies the axioms of a stratified 2-truncation is the content of theorems 
17.6^ and 17.131 The conclusion that the main theorem holds is implied by theorem 
[6A01 □ 
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Appendix A. Stacks 

The word "stack" has at at least two different and related meanings in mathematics. 
Maybe most frequently it refers to some kind of geometric object that represents a groupoid- 
valued, rather than a set- valued, functor. But it may also refer to a sheaf of categories, where 
the sheaf structure and axioms have been modified to take account of the "two-dimensional" 
nature of categories - that is, to take account of the fact that categories are most naturally 
viewed as the objects of a 2-category. In this appendix we develop some basic properties of 
stacks in the second sense. 

We will proceed in a way that emphasizes the similarity with sheaves. It requires gen- 
eralizing the basic definitions of category theory, such as limits and adjoint functors, to 
2-categories. We summarize what we need from the theory of 2-categories in appendix B. 

A.l. Prestacks. 

Definition A.l. A prestack on a 2-category I is a 2-functor C : 1°^ —>■ Cat. A prestack on a 
topological space X is a prestack on the partially ordered set of open subsets of X, regarded 
as a 2-category whose objects are the open sets, whose 1-morphisms are the inclusion maps, 
and with trivial 2-morphisms. In detail, a prestack C on a space X consists of: 

(0) An assignment that takes an open set f/ to a category C{U). 

(1) A contravariant assignment that takes an inclusion V G U to a. restriction functor 
C{U) ^ C{V) 

(2) For each triple of open subsets W G V G U an isomorphism between C{U) —>■ 
C{V) ^ C{W) and C{U) C{W) 

(3) Such that the tetrahedron associated to each quadruple Y G W G V G U commutes: 

C{U) ^C{V) C{U) ^c(y) 

C{W) ^CiY) CiW) ^C(Y) 

Write Prest(I) for the 2-category of prestacks on a 2-category I, and Prest(X) for the 
2-category of prestacks on a space X. 

Definition A. 2. Let C be a prestack on X. The stalk of C at x G X is the category 

Cx =def 21im C{U) 

U\U3x 
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Remark A. 3. Let I be a 1-category. The 2-category of 2-functors 1°^ — Cat is equivalent 
to the 2-category of so-called fibered categories over I ([ID])- The theory of stacks is usually 
([To]. [6], [21]) developed using fibered categories rather than 2-functors. 

A. 2. Stacks. A stack is a prestack on X that satisfies a kind of sheaf condition. We find 
it convenient to phrase this condition in terms of 2-limits over an open cover; in order to 
make this precise we need our open covers to be closed under finite intersections. We will 
call these "descent covers" or d-coveis. 

Definition A. 4. A d-cover of a space f/ is a subset / C Open(f/) of the set of open subsets 
of U that is closed under finite intersections, and that covers U. 

Let C be a prestack on X. If U is an open subset of X and {Ui}i^i is a d-cover of U, then 
the restriction functors C{U) C{Ui) assemble to a functor 

C{U) 2\mvC{Ui) 
I 

Definition A. 5. Let C be a prestack on a space X. Then C is a stack if for each open set 
t/ C X and each d-cover {[/jjjg/ of ?7, the restriction functor 

C{U) 2\\mC{Ui) 
I 

is an equivalence of categories. Let St(X) C Prest(X) denote the full subcategory of the 
2-category of prestacks on X whose objects are stacks. 

Theorem A. 6. (1) Let V and C he prestacks on X. Suppose C is a stack. The prestack 
Hom(P, C) on X that takes an open set U to the category }lom{V\u,C\u) is a stack. 

(2) Let C be a stack on X . Let c and d be two objects ofC{X). The presheaf of horn sets 
U (-^ }lomc(u){c\ujd\ir) is a sheaf. 

(3) Let C and T> be two stacks on X . The map cj) : C ^ T) has a left adjoint (resp. has a 
right adjoint, resp. is an equivalence) if and only if the maps (px '■ Cx ^ T^x on stalks 
all have left adjoints (resp. all have right adjoints, resp. are all equivalences). 

(4) The inclusion 2-functor St(X) — >■ Prest(X) has a right adoint, called stackification. 
Denote the stackification ofV by . The adjunction morphism V ^ induces an 
equivalence on stalks. 

A. 3. Operations on stacks. 

Definition A. 7. Let X and Y be topological spaces, and let / : X F be a continuous 
map. If C is a prestack on X let /*C denote the prestack on Y that associates to an open 
set U the category f^C{U) := C(/^^(f/)). We call f^C the pushforward of C. 

It is easy to verify that defines a strict 2-functor Prest(X) — > Prest(y), and that if C 
is a stack then f^C is also. The definition for the puUback of a stack is more complicated - 
it requires a direct 2-limit over neighborhoods, followed by stackification: 

Definition A. 8. Let X and Y be topological spaces, and let / : X ^ F be a continuous 
map. If C is a prestack on F, let f*C be the prestack on X that associates to an open set 
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U (Z X the category 

f;C= 21im C{V) 

V\V^f{U) 

Let f*C denote the stackification of the prestack f*C. 

Example A. 9. If x G X and i : {x} ^ X denote the inclusion map, the prestack i*C on {x} 
coincides with the stalk Cx- Thus, if / : X — > F, we have an equivalence of stalk categories 

Example A. 10. If f/ C X is open, and j : U ^ X denotes the inclusion map, we have 
i*C{y) = C(y) when V C U is another open set. If C is a stack then j*C is also. We often 
denote j*C by C\u- 

Proposition A. 11. Let X and Y be topological spaces, and let f : X ^ Y be a continuous 
map. 

The 2-functor /, : St(X) ^ St(y) zs nght 2-adjoint to the 2-functor f* : St(r) St(X). 

A. 4. Descent for stacks. Let X be a topological space, and let {t/j}ig/ be a d-cover of X. 
Suppose we are given the following data: 

(0) For each z G / a stack Cj on f/j. 

(1) For each i, j G / with Uj C Ui, an equivalence of stacks Ci\uj Cj. 

(2) For each i,j,k G / with Uk C Uj C Ui, an isomorphism between the composite 

equivalence Ci\uj\uk ^jW -* and Ci\u,^ ^ Ck- 

(3) Such that for each z, j, k,i E I with Ue C Uk C Uj C Ui, the tetrahedron commutes: 

Cilujlujui ^Cjlujue Ci\uj\ujue ^ ^jlujue 

Ck\ui 

We will abuse terminology and refer to such data as a stack on the d- cover {Ui}. Stacks 
on {Ui} form the objects of a 2-category St({[/i}) in the natural way. If C is a stack on X 
then Ci := C\u^ and the identity 1- and 2-morphisms form a stack on the d-cover {f/j}, and 
the assignment C ^ {Ci := C\jji} forms a strict 2-functor in a natural way. 

Theorem A. 12. The natural restriction 2-functor St(X) St({f/j}) is an equivalence of 

2- categories. 

Remark A. 13. The 2-category St({f/j}) may be interpreted as an inverse limit (or "inverse 

3- limit") of the 2-categories St([/j). There is a sense then in which the theorem means stacks 
form a 2-stack. See [1]. 

Appendix B. 2-categories 

In this appendix we summarize some of the theory of 2-categories, and fix our conventions. 

Definition B.l. A strict 2-category C consists of 
(1) a collection Ob(C) of objects 
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(2) for each pair x,y E Ob(C) a category Homc(a;, ?/) 

(3) for each triple x,y,z G Ob(C), a composition functor Romc^y, z) x B.omc{x,y) 
Homc(a;, z). 

The composition functors are assumed to satisfy associativity and to have units in the strict 
sense: for each object a; G C, there is an object Ix of Hom(x, x) such that for each y, 

Hom(x, y) — ^ Hom(x, y) and Hom(y, x) Hom(?/, x) are the identity functors, and such 
that the following diagram commutes 



for each x,y,z,w. Objects of Homc(x, ?/) are called 1-morphisms of C, and morphisms of 
Homc(a;,?/) are called 2-morphisms of C. 

We will also use the following terminology: 

Definition B.2. A (2,l)-category is a 2-category C all of whose 2-morphisms are invertible. 

Remark B.3. If cat denotes the cartesian closed category whose objects are categories, 
and whose morphisms are functors, then a strict 2-category is a cat-enriched category in the 
sense of [I2]. If gpd denotes the full subcategory of cat whose objects are groupoids, then 
a (2, l)-category is a gpd-enriched category. 

Example B.4. There is a 2-category Cat whose objects are categories, and where the usual 
categories of functors and natural transformations are the hom categories. 

Note that we use a different symbol for the 2-category Cat than for the 1-category cat. 
Cat is the more natural object. 

Remark B.5. There is a more natural notion of weak 2-category, where the associativity 
diagram above is required to commute only up to isomorphism, and these isomorphisms are 
required to satisfy some equations of their own. Every weak 2-category is equivalent in the 
appropriate sense to a strict one. Moreover, the 2-categories encountered in this paper are 
either strict already (such as the 2-category of stacks or of prestacks) or else may be easily 
made strict by a trick (such as the fundamental 2-groupoid and the exit-path 2-category). 
We have therefore decided to develop this paper in terms of strict 2-categories. 

Definition B.6. Let C be a 2-category. The opposite 2-category is the 2-category with 
the same objects as C, with Homcop (x, y) = Homed/, x), and with the evident composition 
functor. 

Remark B.7. One could also define a kind of "opposite 2-category" by reversing only the 
2-morphisms, or by reversing both 1- and 2-morphisms. We will not need these variations 
and so we won't introduce notation for them. 



Hom(2;, w) x Hom(?/, z) x Hom(x, y) 



}iom{z,w) X Hom(x, z) 



Hom(?/, z) X Hom(a;, y) 



Hom(a;, w) 
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B.l. Two-dimensional composition in a 2-category. Let C be a 2-category. Let x and 
y be objects in C. If a, /3, and 7 are three 1-morphisms in C, and f : a ^ (5 and : /3 — > 7 
are 2-morphisms, then wc may of coTirsc form a thh^d 2-morphism g o f : a ^ ^ hy taking 
the composition of g and / in the 1-category llomc{x,y). 

There is another direction that we may compose 2-morphisms. Let x, y and z be three 
objects of C, let q; and (3 be two 1-morphisms from xtoy and let 7 and 5 be two 1-morphisms 
from y to z. Let f : a ^ (3 and h : 'j ^ S he 2-morphisms. Then we may form a new 
2-morphism h-kf : 70a — > Soj3hj applying the functors 70 (— ) : Home (a;, y) Home (a;, z) 
and (— ) o p : Homc(|/, z) — > Homc(a;, z). That is, let h-k f denote the composite map 

70/ ho/3 J. 

Now, let C be a 2-category, and let x, y, and z be objects of C. Let a, (3, and 7 be 
1-morphisms x ^ y, and let S, e, and C. be 1-morphisms y ^ z. Let / : a ^ /3, gi : /3 — > 7, 
h : S ^ e, and A; : e ^ ^ be 2-morphisms. We have the following equation: 

{k ic g) o {hie f) ^ {k o h) ic {g o f) 

In practice, this equation allows us to ignore the difference between o and ★ for 2-morphisms. 
In fact, it follows that given any collection of 2-morphisms that may be composed using o 
and any two compositions agree. 

B.2. Adjoints and equivalences within a 2-category. 

Definition B.8. Let C be a 2-category. Suppose / is a 1-morphism between objects x and 
y in C A right adjoint to / is a triple ((7,77,6), where g is a. 1-morphism y ^ x called the 
adjoint, rj : 1^ ^ gf and e : fg ly are 2-morphisms called the adjunction morphisms, and 
the so-called "triangle identities" hold: the natural maps rjg : g ^ gfg and ge : gfg g 
compose to Ig, and the natural maps ft] : f ^ fgf and ef : fgf f compose to If. 
Dually, (/, e, 77) is called a left adjoint of g. 

We sometimes abuse notation by suppressing the adjunction morphisms e and rj. 

Proposition B.9. Let C be a 2-category, and let f be a 1-morphism in C. /// has a right 
(resp. left) adjoint {g,a,(3), then {g,a,f3) is unique up to unique isomorphism commuting 
with a and (5. 

Definition B.IO. Let C be a 2-category, and let / : a; — > |/ be a 1-morphism in C. Then / 
is called an equivalence if it has a right adjoint g, and if the adjunction maps 1 ^ fg and 
gf ^ 1 are both isomorphisms. This is equivalent to requiring / to have a left adjoint g 
with isomorphisms for adjunction maps. 

B.3. Commutative diagrams in a 2-category. Recall that, in a 1-category, a commu- 
tative diagram is a collection of objects and of morphisms between them such that any two 
paths of composable arrows in the diagram between objects x and y coincide. In a 2-category, 
we say that a diagram of objects, morphisms, and 2-morphisms commutes if for each pair of 
composable paths /i, /2, /s . . . and gi,g2, 93 ■ ■ ■ between objects x andy, any two composable 
sequences of 2-morphisms from ■ ■ ■ fs o f2 o fi to . . . gs o g2 o gi coincide. 
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Example B.ll. Let C be a 2-catcgory. A commutative triangle in C is a triple x,y,z of 
objects, a triple x ^ y, y ^ z, and x ^ z oi l-morphisms, and an isomorphism between 
the composite x —>■ y ^ z and the map x — > A commutative square is a tuple of objects 
w, X, y, z, tuple of l-morphisms w^x,w^y,x^z,y^z, and a 2-isomorphism between 
the composites w ^ x —>■ z and w —>■ y —>■ z. For typesetting reasons, we omit the picture of 
the isomorphism when we draw a commutative triangle or square: 

X ^y w ^x 




z y ^z 

Example B.12. Let C be a 2-category. A commutative tetrahedron in C is a tuple w, x, y, z 
of objects, a collection of l-morphisms w—*x,w-^y,w^z,x^y,x^z, and a collection 
of 2- isomorphisms between the composite w ^ x ^ y and w —>■ y, the composite w ^ x ^ z 
and w ^ z, the composite w ^ y ^ z and w ^ z, and the composite x ^ y ^ z and 
X — > such that the two isomorphisms between the composite w ^ x ^ z and w ^ y ^ z 
coincide. We often draw a commutative tetrahedron in the following manner: 



w *- X w ^x 




y ^z y ^z 



Remark B.13. We may go on defining commutative n-simplices for n > 3. When we 
refer to a commutative n-simplex in C we are referring to a diagram in which all the 2- 
morphisms are isomorphisms. This is most satisfying when C is a (2,l)-category: in that 
case the collection of objects, l-morphisms, commutative triangles, commutative tetrahedra, 
etc. assemble to a simplicial set called the nerve of the (2,l)-category. (Defining the nerve 
of a general (2,2)-category is more subtle.) 

Example B.14. A prism with vertices a, b, c, x, y, z is a collection of arrows a ^ b, a ^ c, 
b^c, a^xb—>-y,c^z, x^y,x—>-z, and y ^ z and a collection of 2-isomorphisms 
between a ^ b ^ c and a — > c, between x ^ y ^ z and x — > between a ^ b ^ y and 
a ^ X ^ y, between 6 — > c — > 2; and b ^ y ^ z, and between a ^ c — > 2; and a — > x — > 2;, 
as in the picture. 





The prism is called commutative if the two isomorphisms between a — > c — > 2; and a — > x 
y — > 2; coincide. 
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B.4. 2-groupoids. 

Definition B.15. A 2-groupoid is a 2-category in wliicli all tlie morpliisms are equivalences 
and all the 2-morphisms are isomorphisms. 

Remark B.16. A 2-groupoid with one object is called a 2-group. To each object a; in a 
2-category we can associate a 2-group Aut(x) whose unique object is x, whose morphisms 
are the self-equivalence of x, and whose 2-morphisms are isomorphisms between these self- 
equivalences. 

It is possible to describe 2-groups in terms of more classical algebraic structures. The 
nerve of a 2-groupoid is a fibrant simplicial set whose homotopy groups (in each connected 
component) vanish above dimension 2. It is possible to show that connected, pointed spaces 
X whose homotopy groups vanish above dimension 2 are classified up to homotopy by a 
group G (the fundamental group of X), a commutative group A (the second homotopy 
group of X), and an element in group cohomology H^{G; A) (a Postnikov invariant of X). 
All this is more naturally encoded in terms of a "crossed module." 

B.5. 2-functors between 2-categories. 

Definition B.17. Let C and D be 2-categories. A 2- functor F : C ^ D is 

(1) An assignment that takes an object a; G C to an object Fx G D. 

(2) A collection of functors F : B.omc{x , y) —>■ Homj) [F x, Fy). 

(3) For each triple x, y, z of objects, a natural isomorphism iix,y,z between the two ways 
of composing the square: 

IIomc(y, -z) X IIomc(a;, y) ^Yiom.^{Fy,F z) x Yiom.YiiFx^Fy') 

Homc(x, z) ^ Homo (-Fx, Fz) 

We furthermore assume that F{\^ = Ifx for each x, and that a certain diagram of /is built 
from a quadruple w, x, y, z of objects commutes. See [11] for details. 

Definition B.18. Let C and D be 2-categories, and let F : C — > D be a 2-functor. F is 
called strict if all the coherence maps y^x,y,z are identities. The data of a strict 2-functor is 
equivalent to the data of a cat-enriched functor in the sense of [I2j. 

Remark B.19. We will shortly introduce a notion of equivalence for 2-functors (in fact we 
will introduce a 2-category of 2-functors); note that not all 2-functors are equivalent to strict 
ones. 

Many authors reserve the word "2-functor" for what we have called strict functors, and call 
2-functors pseudofunctors (e.g. [8], [13]), though usually not in the more recent literature. 

Remark B.20. There is a more general notion of 2-functor where the coherence maps fi are 
not required to be invertible. They are often called "lax 2-functors." There are lax versions 
of many concepts in 2-category theory, where one replaces an isomorphism in a definition 
with a map in one direction or another. For our purposes - that is, stacks of categories - 
the non-lax versions of all these concepts seem to be the correct ones. 
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Example B.21. Let C be a 2-category and let Cat be the 2-category of 1-categories. For 
each object x of C there is a strict 2-functor Hom(x, — ) : C ^ Cat and a strict 2-functor 
Hom(— ,x) : Cat. In fact, there is a strict 2-functor Horn : C"^ x C ^ Cat. 

Proposition B.22. Let C and D be 2-categories, and let F : C ^ Y) he a 2-functor. If f is 
a 1-morphism in C, and f has a left (resp. right) adjoint, then Ff has a left (resp. right) 
adjoint in D. Furthermore if f is an equivalence in C then Ff is an equivalence in D. 

B.6. Composite 2-functors. Let C, D, and E be 2-categories. Let F : C — *• D and 
G : D E be 2-functors. There is a composite 2-functor GF = G o F from C to E; GF is 
defined on objects, 1-morphisms, and 2-morphisms of C in the evident way. To complete the 
definition it is necessary to describe the coherence data fix,y,z for GF - this is straightforward 
but we refer to [8| for details. 

B.7. The 2-category 2Funct(C,D). Let C and D be 2-categories. For every pair of 2- 
functors F : C — D and G : C — > D we may define a 1-category 2Nat(F, G). Objects 
of 2Nat(F, G) are called 2-natural transformations, and morphisms are called modifications. 
Given three 2-functors F,G and H from C to D, a composition functor 2Nat(G, if) x 
2Nat(F, G) — » 2NaX{F, H) is defined. This composition is strictly associative, and it has 
strict units, so this data defines a 2-category 2Funct(C,D). We define 2-natural transfor- 
mations here; more details may be found in [TT]: 

Definition B.23. Let C and D be 2-categories. Let F and G be two 2-functors from C to 
D. A 2-natural transformation n from F to G consists of 

(1) An assignment that takes objects x of C to 1-morphisms n{x) : Fx Gx in D 

(2) An assignment that takes 1-morphisms / : x — >■ in C to isomorphisms n{f) : 
Gf o n{x) = n{x) o Ff. 

such that, for each pair of 1-morphisms x ^ y and y z in C, a certain prism with vertices 
Fx, Fy, Fz, Gx, Gy, Gz commutes. See [H] for details. 

Proposition B.24. Let C and D he 2-categories. Let n : F ^ G he a 1-morphism in 
2Funct(C,D). 

(1) n has a right (resp. left) adjoint m : F —>■ G if and only if each 1-morphism n{x) : 
F{x) —>■ G{x) in D has a left (resp. right) adoint. (see definition \B. 8\) 

(2) n is an equivalence if and only if each n{x) : F{x) — ^ G(x) is an equivalence in D. 
(see definition \B.10) 

B.8. Adjoint 2-functors between 2-categories. Let C and D be 2-categories, and let 
F : C ^ D and G : D ^ C be 2-functors. We may form the two 2-functors 

HomD(F-, -) : C°P X D ^ Cat 
Homc(-, G-) : C"P X D ^ Cat 

Definition B.25. Let C and D be 2-categories. A 2-adjunction from C to D is a pair of 
2-functors F : C ^ D and G : D ^ C together with a 2-natural equivalence - i.e. an equiv- 
alence in the 2-category 2Funct(C°'' x D, Cat) - between the two 2-functors Hom(F— , — ) 
and Hom(— , G— ). 

We say that F is left 2-adjoint to G and that G is right 2-adjoint to F. 
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Remark B.26. This is another definition with lax generalizations. 

We can apply the adjunction to the identity 2-functors Fc — > Fc and Gd Gd to obtain 
2-natural transformations Ic — ^ GF and FG Id- 

Definition B.27. Let C and D be 2-categories. An equivalence from C to D is a pair 
of adjoint 2-functors F:C— *D, G:D— such that the 2-natural transformations 
Ic — > GF and FG — > Id are equivalences. 

A 2-functor F : C — ^ D is called essentially fully faithful if the functor Home (a;, |/) 
HomD(-Fx, Fy) is an equivalence of categories for every pair of objects y e C. F is called 
essentially surjective if for every object d e D there is an object c e D such that Fc and d 
are equivalent in D. 

Proposition B.28. Let C and D be 2-categories. Let F : C — > D &e a 2-functor. The 

following are equivalent. 

(1) F is essentially fully faithful and essentially surjective. 

(2) F is part of an equivalence F : C ^ D, G : D ^ C 

B.9. Direct and inverse 2-limits of 1-categories. Let I be a 2-category, and let F : 
I ^ Cat be a 2-functor. It is possible to define categories 21im^ F and 21imj F with the 
appropriate 2-universal property. We will give these definitions here in the form that we 
need them; in particular we only define 21iiii^ F in case I is a filtered poset. 

Definition B.29. Let I be a 2-category and let F : I — > Cat be a 2-functor. Let 21im^F 
denote the category whose objects consist of the following data: 

(1) An assignment that takes an object i e I to an object Xi e F(i). 

(2) An assignment that takes a morphism / : i — > j' to an isomorphism F{f){xi) = Xj. 

We require that for each commutative triangle a : gf ^ h with vertices i,j,k in I, the 
diagram 

F{g)F{f)xi F{g)xj 

a 

F{h) ^ Xk 

commutes. The morphisms of this category are collections of maps Xi yi commuting with 
the maps F{f){xi) — > Xj. 

Definition B.30. Let / be a filtered poset, and let F : / — > Cat be a 2-functor. Let 21irn^ F 
denote the category whose objects are lJig/-^(0) whose morphisms Hom(x e F{i),y e 
F(j)) are elements of the hmit 

lim }ioia.F(k){xi\k,Xj\k) 

k>i and j 

Here ii i < k and x G F{i), the notation x\k denotes the image of x under the functor 
F{£) —>■ F{k) induced by the unique morphism £ —>■ k. 
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